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CLASSIFYING SPACES FOR BRAIDED MONOIDAL
CATEGORIES AND LAX DIAGRAMS OF BICATEGORIES
P. CARRASCO, A.M. CEGARRA, AND A. R. GARZO´N
Abstract. This work contributes to clarifying several relationships between
certain higher categorical structures and the homotopy type of their classifying
spaces. Bicategories (in particular monoidal categories) have well understood
simple geometric realizations, and we here deal with homotopy types repre-
sented by lax diagrams of bicategories, that is, lax functors to the tricategory
of bicategories. In this paper, it is proven that, when a certain bicategori-
cal Grothendieck construction is performed on a lax diagram of bicategories,
then the classifying space of the resulting bicategory can be thought of as
the homotopy colimit of the classifying spaces of the bicategories that arise
from the initial input data given by the lax diagram. This result is applied
to produce bicategories whose classifying space has a double loop space with
the same homotopy type, up to group completion, as the underlying category
of any given (non-necessarily strict) braided monoidal category. Specifically,
it is proven that these double delooping spaces, for categories enriched with
a braided monoidal structure, can be explicitly realized by means of certain
genuine simplicial sets characteristically associated to any braided monoidal
categories, which we refer to as their (Street’s) geometric nerves.
Mathematical Subject Classification: 18D05, 18D10, 55P15, 55P48.
1. Introduction and Summary
Higher-dimensional categories provide a suitable setting for the treatment of an
extensive list of subjects with recognized mathematical interest. The construc-
tion of nerves and classifying spaces of higher categorical structures reveals ways
to transport categorical coherence to homotopical coherence and it has shown its
relevance as a tool in algebraic topology, algebraic geometry, algebraic K-theory,
string field theory, conformal field theory, and in the study of geometric structures
on low-dimensional manifolds. In particular, braided monoidal categories [24] have
been playing a key role in recent developments in quantum theory and its related
topics, mainly thanks to the following result, which was the starting point for this
paper:
“The group completion of the classifying space of a braided monoidal
category is a double loop space”
as was noticed by J. D. Stasheff in [34], but originally proven by Z. Fiedorowicz
in [13, Theorem 2] (some other proofs can be found in [4, Theorem 1.2] or in [3,
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Theorem 2.2], for example). More precisely, given any braided monoidal category
(M,⊗, c) = (M,⊗, I,a, l, r, c),
Stasheff-Fiedorowicz’s theorem implies the existence of a path-connected, simply
connected space, uniquely defined up to homotopy equivalence, B(M,⊗, c), and a
homotopy-natural map BM → Ω2B(M,⊗, c), where BM is the classifying space
of the underlying category M, which is, up to group completion, a homotopy
equivalence. Hereafter, we shall refer to B(M,⊗, c) both as the classifying space of
the braided monoidal category and as the double delooping of BM, induced by the
braided monoidal structure given on M.
However, there is a problem with the space B(M,⊗, c) since its existence is
proven as an application of May’s theory of E2-operads [29] and, therefore, its var-
ious known constructions are based on some complicated and irritating processes
of rectifying homotopy coherent diagrams. In fact, the double delooping construc-
tion is provided by May’s bar-construction that only takes place after replacing
(M,⊗, c) by an equivalent strict braided monoidal category (M′,⊗′, c′), and then
by carrying out a substitution of BM′ by a homotopy equivalent space upon which
the little square operad of Boardman-Vogt acts [5], which depends on an explicit
equivalence of operads between the braided operad used and the little 2-cube one.
The resulting CW-complex thus obtained has many cells with little apparent in-
tuitive connection with the data of the original monoidal category, and this leads
one to search for any simplicial set, say “nerve of the braided monoidal category”,
realizing the space B(M,⊗, c) and whose cells give a logical geometric meaning to
the data of the braided monoidal category.
A natural response for that nerve was postulated in the nineties by J. Dolan and
R. Street (probably among others) and it is as follows: since a braided monoidal
category can be regarded as a one-object, one-arrow tricategory [17, Corollary 8.7]
and each category as a tricategory whose 2-cells and 3-cells are all identities, one can
consider strictly unitary lax functors from the categories [p] = {0 < 1 < · · · < p} to
the tricategory Ω
−2
M that the braided monoidal category (M,⊗, c) defines. Then,
its geometric nerve is the simplicial set
Z3(M,⊗, c) : [p] 7→ NorLaxFunc([p],Ω
−2
M),
whose p-simplices are all strictly unitary lax functors [p] → Ω
−2
M (also called 3-
cocycles with coefficients in the braided monoidal category, [11]). This geometric
nerve of the braided monoidal category is a 4-coskeletal simplicial set whose sim-
plices have a pleasing interpretation: there is only one 0-simplex, there is only one
1-simplex, the 2-simplexes x are the objects ofM, the 3-simplexes ζ with 2-faces (in
order) x0, x1, x2, x3 are morphisms ζ : x0⊗x2 → x3⊗x1, and so on. The most strik-
ing instance is for (M,⊗, c) = (A,+, 0), the strict braided monoidal category with
only one object defined by an abelian group A, where both composition and tensor
product are given by the addition + in A; in this case, Z3(A,+, 0) = K(A, 3),
the minimal Eilenberg-Mac Lane complex. Geometric nerves of braided categor-
ical groups [24, §3] were studied in [8], where it was proven that the mapping
(M,⊗, c) 7→ |Z3(M,⊗, c)| induces an equivalence between the homotopy category
of braided categorical groups and the homotopy category of pointed 1-connected
3-types (a fact due to A. Joyal and M. Tierney [25], see also [4, Theorem 3.3]).
A main goal of this article is to prove the following result for which, as far as we
know, no proof has yet appeared in the literature:
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“For any braided monoidal category (M,⊗, c), there is a homotopy
equivalence B(M,⊗, c) ≃ |Z3(M,⊗, c)|.”
Our proof for this theorem requires a long preliminary discussion on the notion
of realization or classifying space for lax diagrams of bicategories Iop → Bicat,
where I is any small category. This requirement is due to the fact that, in a first
approach, we show that the space B(M,⊗, c) can be realized by means of the
pseudo-simplicial bicategory
N(M,⊗, c) : ∆
op
→ Bicat, [p] 7→ Ω
−1
Mp,
defined (thanks to the braiding) by the familiar bar construction; here Ω
−1
M denotes
the one-object bicategory delooping of the underlying monoidal category (M,⊗),
that is, that obtained forgetting the braiding. Then, the proof we give of the
claimed above result reduces to show the existence of a homotopy equivalence be-
tween the realization of the simplicial set geometric nerve Z3(M,⊗, c) (viewed as
a simplicial discrete bicategory) and the realization of the pseudo-simplicial bicat-
egory N(M,⊗, c).
Hence, much of our work here is dedicated to establishing and proving the most
basic results needed concerning the homotopy theory of lax diagrams of bicate-
gories, paralleling corresponding facts for lax diagrams of categories as stated and
proven by G. Segal [33] and R. W. Thomason [37], following the methods of A.
Grothendieck. The resulting theory is in itself of independent interest and yields,
as an added benefit, the foundation for other future developments, for example in
the homotopy theory of monoidal bicategories or arbitrary tricategories. Although
this subject will not be treated here, let us say that the classifying space of any
monoidal bicategory (B,⊗) is precisely the realization, in the sense studied here, of
the pseudo-simplicial bicategory N(B,⊗) : ∆
op
→ Bicat, [p] 7→ Bp, which it defines
by the reduced bar construction.
After this introductory Section 1, the paper is organized in six sections. Section
2 is an attempt to make the paper as self-contained as possible; hence, at the same
time as we fix notations and terminology, we review in it some necessary aspects
from the background of bicategories by briefly describing Bicat, the tricategory of
bicategories, homomorphisms, pseudo natural transformations, and modifications.
This material is quite standard, so the expert reader may skip most of it, but
note that some notations may be idiosyncratic. Also, we describe the kind of lax
diagrams of bicategories we are going to treat in this paper: lax morphisms of
tricategories in the sense of [17], F : Iop → Bicat, where I is any small category,
all of whose coherence 3-cells are invertible. For any given category I, the lax
diagrams of bicategories are the objects of a tricategory, denoted BicatI
op
. The
following two sections, 3 and 4, are very technical, but crucial to our discussions.
Section 3 is mainly dedicated to study a bicategorical Grothendieck construction
[19, 37]. More precisely, the aim there is to prove the following:
“ There is a Grothendieck construction on lax diagrams of bicate-
gories defining a trihomomorphism of tricategories∫
I : Bicat
Iop → Bicat
which, moreover, is left triadjoint to the diagonal trihomomorphism
Bicat→ BicatI
op
.”
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Hence, the function on objects of the Grothendieck construction assembles any
lax diagram F : Iop → Bicat into a large bicategory
∫
I
F , which is a lax colimit
of the bicategories Fi, i ∈ ObI, and, as we shall detail later, it can be thought as its
homotopy colimit. Section 4 is dedicated to proving, following Giraud and Street’s
methods [15, 35], that
“There exists a rectifying trihomomorphism ( )
r
: BicatI
op
→ BicatI
op
”
through which any lax diagram of bicategories F : Iop → Bicat has naturally
associated a genuine I-diagram of bicategories, that is, a functor F
r
: Iop → Bicat
that, as we will show later, represents the same homotopy type as the original F .
Heavily dependent on the results in [9], where nerves and classifying spaces of
bicategories are studied, in Section 5 we introduce and study realizations for lax
diagrams of bicategories. The classifying space of the lax diagram of bicategories
F : Iop → Bicat, denoted BF , is defined to be B
∫
I
F , the classifying space of the
bicategory obtained by the Grothendieck construction on F , and the more basic and
relevant properties of this construction F 7→ BF are stated and proven throughout
the section. Namely, we prove the following two results:
“If F : F → G is a lax I-homomorphism between lax I-diagrams
F ,G : Iop → Bicat, such that the induced maps BFi : BFi → BGi
are homotopy equivalences, for all objects i of I, then the induced
map BF : BF → BG is a homotopy equivalence.”
“Let F : I
op
→ Bicat be a lax diagram of bicategories such that the
induced map Ba∗ : BFi → BFj, for each morphism a : j → i in I,
is a homotopy equivalence. Then, for every object i of I, there is a
homotopy fibre sequence BFi →֒ BF → BI.”
In Section 6, the facts demonstrated on realizations for lax diagrams of bicate-
gories are mainly applied to state and prove several facts concerning the classify-
ing space construction (M,⊗, c) 7→ B(M,⊗, c), for braided monoidal categories.
Specifically, we give here a new proof of the above-mentioned Stasheff-Fiedorowicz
theorem that, as an added value, includes the following more explicit fact:
“For any braided monoidal category, the double loop space of the
realization of its geometric nerve is a group completion of the clas-
sifying space of the underlying category.”
And finally, Section 7 simply collects the expression of various coherence condi-
tions concerning definitions in Section 2 and used throughout the paper.
Some Frequently Used Notations.
To help the reader we list below the following notations used along the paper,
with indication of their meaning and first appearance.
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Bicat tricategory of bicategories (3)
Hom category of bicategories and homomorphisms (4)
BicatI
op
tricategory of lax I-diagrams of bicategories (11)∫
I
F Grothendieck construction on a lax I-diagram of bicategories (13)
F
r
rectification construction on a lax I-diagram of bicategories (30)
NC pseudo-simplicial nerve of a bicategory (36)
BC classifying space of a bicategory (35)
∆
u
C unitary geometric nerve of a bicategory (40)
∆C geometric nerve of a bicategory (41)
BF classifying space of a lax I-diagram of bicategories 5.4
Ω
−1
M delooping bicategory of a monoidal category (48)
N(M,⊗) pseudo-simplicial nerve of a monoidal category (49)
B(M,⊗) classifying space of a monoidal category (50)
Ω
−2
M double delooping tricategory of a braided monoidal category (52)
N(M,⊗, c) pseudo-simplicial nerve of a braided monoidal category (53)
B(M,⊗, c) classifying space of a braided monoidal category (54)
Z2(M,⊗) geometric nerve of a monoidal category (56)
Z2
cat
(M,⊗) categorical geometric nerve of a monoidal category (57)
Z3(M,⊗, c) geometric nerve of a braided monoidal category (61)
Z3
bicat
(M,⊗, c) bicategorical geometric nerve of a braided monoidal category (62)
2. Bicategorical preliminaries: Lax diagrams of bicategories.
We shall begin by reviewing some necessary facts concerning the tricategory of
bicategories. Also, we will describe the kind of lax diagrams of bicategories we are
going to treat in this paper.
2.1. The tricategory of bicategories. We refer to [2, 17, 20] and [36] for back-
ground on bicategories and tricategories. For definiteness or emphasis, we state the
following:
In any small bicategory A, its set of objects (or 0-cells) is denoted by ObA
and, for each ordered pair of objects (y, x), A(y, x) is the category whose objects
u : y → x are the 1-cells (or morphisms) of A with source y and target x, and
whose arrows α : u⇒ u′ are the 2-cells (or deformations) of A. The composition of
deformations in each category A(y, x), that is, the vertical composition of 2-cells,
is denoted by β ·α, while the symbol ◦ is used to denote the horizontal composition
functors ◦ : A(y, x) × A(z, y) → A(z, x). The identity of an object is written as
1x : x→ x, and we shall use the letters a, r, and l to denote the associativity, right
unit, and left unit constraints of the bicategory, respectively.
A lax functor is usually written as a pair F = (F, F̂ ) : A → B since we will
generically denote its structure constraints by F̂u,v : Fu ◦ Fv ⇒ F (u ◦ v) and
F̂x : 1Fx ⇒ F1x, or merely by F̂ : Fu ◦ Fv ⇒ F (u ◦ v) and F̂ : 1Fx ⇒ F1x
since the source and target of this constraint make it clear what kind of constraint
deformation it is. The lax functor is termed a pseudo-functor or homomorphism
whenever all the structure constraints F̂ are invertible. If the unit constraints F̂x
are all identities, then the lax functor is qualified as (strictly) unitary or normal and
if, moreover, the constraints F̂u,v are also identities, then F is called a 2-functor.
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We will use pasting diagrams of 2-cells inside bicategories. A diagram of the
form
(1) x1 // · · · // xn un
$$JJ
J
x
u0 ::uuu
v0
$$II
I ⇓ ϕ y
y1 // · · · // ym vm
::ttt
will represent a deformation ϕ whose source (resp. target) is obtained by horizontal
composition of the morphisms in the string u0, . . . , un (resp. v0, . . . , vm) following
a particular given association. By the bicategorical coherence theorem, such a
deformation uniquely determines another when any other particular bracketing is
used for computing the source and the target morphism from the given strings of
morphisms. Therefore, diagram (1) is not ambiguous once a choice of association
has been made for the source and target of the deformation. When F : A → B is
a homomorphism and diagram (1) is given in A, then we will denote by
(2) Fx1 // · · · // Fxn Fun
''OO
O
Fx
Fu0 77ppp
Fv0
''NN
N ⇓ Fϕ Fy
Fy1 // · · · // Fym Fvm
77ooo
the diagram in B in which the deformation is obtained by appropriately composing
the original Fϕ with constraints F̂ of F . That diagram (2) is well defined from
diagram (1) is a consequence of the coherence theorem for homomorphisms of bi-
categories [17, Theorem 1.6]. A diagram such as (2), with the symbol ∼= inside
instead of ⇓ Fϕ, means that the deformation is obtained only by composition of
the structure constraints of the homomorphism F and the bicategories involved.
If F, F ′ : A → B are lax functors, then we follow the convention of [17] in what is
meant by a lax transformation α = (α, α̂) : F ⇒ F ′. Thus, α consists of morphisms
αx : Fx→ F ′x, x ∈ ObA, and of deformations α̂u : αy ◦ Fu ⇒ F
′u ◦ αx that are
natural on morphisms u : x→ y, subject to the usual two axioms. When the defor-
mations α̂u are all invertible, we say that α is a pseudo transformation. In accor-
dance with the orientation of the naturality deformations chosen, if α, α′ : F ⇒ F ′
are two lax transformations, then a modification ϕ : α ⇛ α′ will consist of de-
formations ϕx : αx ⇒ α′x, x ∈ ObA, subject to the commutativity condition
(1F ′u ◦ ϕx) · α̂u = α̂
′
u · (ϕy ◦ 1Fu), for each morphism u : x→ y of A.
Next, we shall briefly describe the most striking example of tricategory: the
tricategory of bicategories, homomorphisms, pseudo-natural transformations and
modifications, denoted by
(3) Bicat.
We refer the reader to [17, §5] and [20, §6.3] for more details.
For bicategories A, B, Bicat(A,B) denotes the bicategory whose objects are
the homomorphisms F : A → B, 1-cells the pseudo-transformations α : F ⇒ F ′,
and 2-cells the modifications ϕ : α ⇛ α′. Let us briefly recall that a modification
ϕ : α⇛ α′ composes vertically with a modification ϕ′ : α′ ⇛ α′′ yielding the modi-
fication ϕ′ ·ϕ : α⇛ α′′, such that (ϕ′ ·ϕ)x = ϕ′x·ϕx, x ∈ ObA. The horizontal com-
position of 1-cells in Bicat(A,B) is given by the “vertical composition” of pseudo-
transformations: for α : F ⇒ F ′ and α′ : F ′ ⇒ F ′′, where F, F ′, F ′′ : A → B, the
composite α′ ◦α : F ⇒ F ′′ is defined by putting (α′ ◦α)x = α′x ◦αx for any object
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x of A, the component of α′ ◦ α at a morphism u : x → y being the deformation
obtained by pasting the diagram
Fx
αx //
Fu

α̂u⇒
F ′x
α′x //
F ′u

α̂′u⇒
F ′′x
F ′′u

Fy αy
// F ′y
α′y
// F ′′y .
The horizontal composition of a modification ψ : α ⇛ β : F ⇒ F ′ with a modi-
fication ψ′ : α′ ⇛ β′ : F ′ ⇒ F ′′ is the modification ψ′ ◦ ψ : α′ ◦ α ⇛ β′ ◦ β such
that (ψ′ ◦ ψ)x = ψ′x ◦ ψx, for each object x of A. The structure constraints in
Bicat(A,B) are canonically derived, in a pointwise way, from those of B; thus, for
example, the associativity modifications a : α′′ ◦ (α′ ◦ α)⇛ (α′′ ◦ α′) ◦ α are given
by ax = aα′′x,α′x,αx, x ∈ ObA.
The composition of lax functors F : A → B and G : B → C will be denoted by
juxtaposition, that is, GF : A → C. And recall that its constraints are obtained
from those of F and G by the rules ĜF u,v = GF̂u,v · ĜFu,Fv and ĜF x = GF̂x · ĜFx.
This composition of lax functors is associative and unitary, so that the category of
bicategories and lax functors is defined. Following [17, Notation 4.9], the category
of bicategories with homomorphisms between them will be denoted
(4) Hom.
The composition of homomorphisms gives the function on objects of a homo-
morphism of bicategories
(5) Bicat(B, C)×Bicat(A,B)→ Bicat(A, C),
which on A
F
((
F ′
66⇓α B
G
((
G′
66⇓β C , is given by βα = βF ′ ◦ Gα, where the pseudo-
transformations Gα : GF ⇒ GF ′ and βF ′ : GF ′ ⇒ G′F ′ are those whose re-
spective components at an object x of A are the morphisms Gαx and βF ′x, and
at a morphism u are Ĝαu = Gα̂u and β̂F ′u = β̂F ′u. Similarly, the composition
ψϕ : βα⇛ β′α′, of modifications ϕ : α ⇛ α′ and ψ : β ⇛ β′, is given by the
formula ψϕ = ψF ′ ◦ Gϕ, that is, the modification whose component at an object
x ∈ A is (ψϕ)x = ψF ′x ◦Gϕx. Moreover, given homomorphisms A
F
→ B
G
→ C and
pseudo transformations F
α
⇒ F ′
α′
⇒ F ′′ : A → B and G
β
⇒ G′
β′
⇒ G′′ : B → C,
the structure constraints of the homomorphism (5) at them are provided by the
invertible modifications
(6) 1GF ⇛ 1G1F , β
′α′ ◦ βα⇛ (β′ ◦ β)(α′ ◦ α) ,
whose respective components at an object x ∈ ObA are given by pasting the dia-
grams
GFx
1GFx
##F
FF
FF
FF
F
GFx
G1Fx
∼=
33
1GFx
JJ
1GFx
//
∼=
GFx,
∼=
GF ′x
(7)
∼=
βF ′x //
Gα′x

G′F ′x
G′α′x

β′F ′′x ◦G′α′x
$$J
JJ
JJ
JJ
JJ
GFx
Gαx
66nnnnnnnnnnnnn
G(α′x ◦ αx)
// GF ′′x
βF ′′x
// G′F ′′x
β′F ′′x
//
=
G′′F ′′x,
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where, for any horizontally composable pseudo transformations α and β as above,
the invertible modification
(7) βF ′ ◦Gα⇛ G′α ◦ βF ,
at an object x of A, is β̂αx, the component of β at the morphism αx.
The composition of homomorphisms is associative and unitary as we have re-
marked before. Besides, the unit constraints for the compositions (5) are the
pseudo-natural equivalences l and r, whose components at any homomorphism
F : A → B are both the identity transformations on it, and at a pseudo transfor-
mation α : F ⇒ F ′ are the modifications
(8) l̂ : 1F ′ ◦ 11Bα⇛ α ◦ 1F , r̂ : 1F ′ ◦ α11A ⇛ α ◦ 1F ,
canonically obtained from the modifications 11Bα⇛ α and α11A ⇛ α, respectively
defined by the 2-cells of B, x ∈ ObA,
1F ′x ◦ αx
lαx⇒ αx, αx ◦ F1x
1◦F̂−1
=⇒ αx ◦ 1Fx
r
⇒ αx.
Also, for any homomorphisms A
F
→ B
G
→ C
H
→ D, the associativity pseudo-natural
equivalence a : H(GF )⇒ (HG)F is the identity on the composite homomorphism
HGF , and its component at a morphism (γ, β, α) : (H,G, F )⇒ (H ′, G′, F ′) is the
modification
(9) â : 1
H′G′F ′
◦ γ(βα)⇛ (γβ)α ◦ 1
HGF
,
canonically obtained from the invertible modification γ(βα) ⇛ (γβ)α associating
to each object x of A the 2-cell of D given by the composition
γG′F ′x◦H(βF ′x◦Gαx)
1◦Ĥ−1
⇒ γG′F ′x◦(HβF ′x◦HGαx)
a
⇒ (γG′F ′x◦HβF ′x)◦HGαx .
In Bicat, the structure invertible modifications π and µ, as in the definition of
a tricategory [17], at any homomorphisms A
F
→ B
G
→ C
H
→ D
K
→ E ,
(10)
K(H(GF ))
π
K,H,G,F
⇛
1Ka

a +3 (KH)(GF )
a

K((HG)F )
a +3 (K(HG))F
a1F +3 ((KH)G)F
G(1BF )
a +3
1Gl $
AA
AA
AA
A µ
G,F
⇚
(G1B)F
r1Fz }}
}}
}}
}
GF
are respectively given by the unique coherence 2-cells, x ∈ ObA,
KHGFx
K1
HGFx

1 // KHGFx
∼=
1 // KHGFx
KHGFx
1 // KHGFx
1 // KHGFx
KHG1Fx
// KHGFx,
1
ggNNNNNNNNNNN
GFx
∼=
1 //
1

GFx
1 // GFx
G1
Fx

GFx
G1
Fx // GFx.
The structure modifications λ and ρ can be defined in a similar fashion.
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2.2. The tricategory of lax diagrams of bicategories. Throughout the paper,
a lax diagram of bicategories, with the shape of a small category I, means a lax
functor of tricategories [17, Definition 3.1]
F = (F , χ, ι, ω, γ, δ) : Iop → Bicat,
from Iop, regarded as a tricategory in which the 2-cells and 3-cells are all identities,
to the tricategory Bicat of small bicategories, all of whose coherence 3-cells are
invertible and such that each homomorphism I(j, i)→ Bicat(Fi,Fj) is normal (cf.
[14], where they are called lax homomorphisms). The homomorphism Fa attached
at an arrow a : j → i of I is usually written as
a∗ : Fi → Fj ,
so that the remaining data of the lax diagram F provide us with pseudo transfor-
mations
Fi
b∗a∗
((
(ab)∗
66⇓χ=χa,b Fk , Fi
1Fi
''
1∗i
77⇓ ι= ιi Fi ,
respectively associated to pairs of composible arrows k
b
→ j
a
→ i and objects i of I,
and invertible modifications
c∗b∗a∗
χa∗

ω=ωa,b,c
⇛
c∗χ +3 c∗(ab)∗
χ

(bc)∗a∗ χ
+3 (abc)∗ ,
a∗
ιa∗

a∗ι +3
1
RRR
RRR
RRR
RRR
RRR
RRR
$,R
RRR
RRR
R
RRR
RRR
RR
a∗1∗i
χ

1∗ja
∗
χ
+3
γ=γa
⇛
+3
δ=δa
⇛
a∗ ,
respectively associated to triplets of composible arrows ℓ
c
→ k
b
→ j
a
→ i and arrows
j
a
→ i of the category I, subject to the two coherence axioms (CC1) and (CC2),
as stated in Section 7.
The lax diagram is termed normal or unitary whenever the following conditions
hold: i) for each object i of I, 1∗i = 1Fi and ιi = 11Fi ; ii) for each arrow a : j → i
of I, χa,1j = 1a∗ = χ1i,a and the modifications γa and δa are the unique coherence
isomorphisms.
Note that a lax functor F : Iop → Bicat consists of the same data as above,
for a lax diagram, but with the difference that the modifications ω, γ, and δ are
no longer required to be invertible. However, we need lax diagrams of bicategories
as above in order for the Grothendieck construction on them, as shown in the next
Section 3, to give rise to bicategories.
A diagram of bicategories is a functor F : Iop → Hom ⊂ Bicat to the category
Hom of bicategories and homomorphisms, that is, a lax diagram where each of the
pseudo transformations χ and ι are identities and the modifications ω, γ, and δ are
given by the unique coherence isomorphisms.
A pseudo-diagram of bicategories is a trihomomorphism, or pseudo functor,
F : Iop → Bicat, that is, a lax diagram whose data χ and ι are pseudo natu-
ral equivalences.
A lax diagram of categories, that is, a lax functor F : Iop → Cat to the 2-
category Cat of small categories, is the same thing as a lax diagram of bicategories
in which every bicategory Fi, i ∈ ObI, is a category (i.e., a bicategory where all
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the 2-cells are identities) since this condition forces all the modifications ω, δ, and
γ to be identities.
For any given category I, the lax diagrams of bicategories F : Iop → Bicat are
the objects of a tricategory, denoted as
(11) BicatI
op
,
whose 1-cells, called here lax I-homomorphisms, are lax transformations all of whose
coherence 3-cells are invertible, whose 2-cells, called pseudo I-transformations, are
trimodifications, and whose 3-cells, called I-modifications, are perturbations, in the
sense of [17, 3.3]. Then, the data for a lax I-homomorphism
F = (F, θ,Π,Γ) : F → F ′
are comprised of: for i an object of I, a homomorphism Fi : Fi → F
′
i , for a : j → i
a morphism of I, a pseudo transformation
Fi
a∗ 
Fi //
θ=θa⇒
F ′i
a∗
Fj
Fj
// F ′j ,
for k
b
→ j
a
→ i two composable arrows and j any object of I, the respective invertible
modifications
Fkb
∗a∗
θa∗

Fkχ+3 Fk(ab)∗
θ
$,Q
QQQ QQQ
Q
Π=Πa,b
⇛
(ab)∗Fi
b∗Fja
∗
b∗θ
+3 b∗a∗Fi
χ′Fi
2:mmmm mmmm
Fj
ι′Fj
!
::
::
::
::
::
::
::
::
Fjι
~ 







⇛
Γ = Γj
Fj1
∗
j
θ
+3 1∗jFj ,
and these are subject to the two coherence axioms (CC3) and (CC4), as stated
in Section 7.
When the pseudo-transformations θ : Fja
∗ ⇒ a∗Fi are pseudo-natural equiv-
alences, for all arrows a : j → i, then F : F → F ′ is termed a pseudo I-
homomorphism.
Given lax I-homomorphisms F, F ′ : F → F ′, a pseudo I-transformation between
them,
m = (m,M) : F ⇒ F ′
is merely a trimodification, so it consists of pseudo transformations
Fi
Fi
''
F ′i
77⇓m = mi F
′
i ,
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i ∈ ObI, and invertible modifications
Fja
∗ ma
∗
+3
θ

M=Ma
⇛
F ′ja
∗
θ′

a∗Fi
a∗m
+3 a∗F ′i ,
one for each arrow a : j → i of I, subject to the two coherence conditions (CC5) and
(CC6), as stated in Section 7. And, finally, say that if m,m′ : F ⇒ F ′ : F → F ′
are pseudo I-transformations, then an I-modification σ : m ⇛ m′ is a family of
modifications
σi : mi ⇛ m
′
i : Fi ⇒ F
′
i : Fi → F
′
i ,
one for each object i of I, subject to the coherence condition (CC7).
For lax I-diagrams of bicategories F and G, compositions in BicatI
op
(F ,G) are
as follows: 2-cells σ : m ⇛ m′ and σ′ : m′ ⇛ m′′, where m,m′,m′′ : F ⇒ F ′,
F, F ′ : F → G, are vertically composed yielding the I-modification σ′ · σ : m⇛ m′′
such that, for any object i of I, (σ′ · σ)i = σ
′
i · σi : mi ⇛ m
′′
i . The horizontal
composition m′ ◦m : F ⇒ F ′′ of 1-cells F
m
⇒ F ′
m′
⇒ F ′′ : F → G, is given by writing
(m′ ◦m)i = m
′
i ◦mi for each i ∈ ObI, while its component at an arrow a : j → i is
the modification obtained by pasting the diagram
Fja
∗ ma∗ +3
θ

M
⇛
F ′ja
∗
θ′

m′a∗ +3
M′
⇛
F ′′j a
∗
θ′′

a∗Fi
a∗m
+3 a∗F ′i
a∗m′
+3 a∗F ′′i .
Two I-modifications σ : m ⇛ n : F ⇒ F ′ and σ′ : m′ ⇛ n′ : F ′ ⇒ F ′′ compose
horizontally giving the I-modification σ′ ◦ σ : m′ ◦m⇛ n′ ◦ n such that, for any
object i of I, (σ′ ◦ σ)i = σ
′
i ◦ σi : m
′
i ◦mi ⇛ n
′
i ◦ ni. All the structure constraints
in the bicategory BicatI
op
(F ,G) are provided by using the corresponding structure
constraints of the tricategory Bicat in a pointwise fashion. Thus, for example,
For pseudo I-transformations F
m
⇒ F ′
m′
⇒ F ′′
m′′
⇒ F ′′′ : F → G, the I-modification
a : m′′ ◦ (m′ ◦m) ⇛ (m′′ ◦m′) ◦m is that defined by the family of associativity
modifications a : m′′i ◦ (m
′
i ◦mi)⇛ (m
′′
i ◦m
′
i) ◦mi of Bicat(Fi,Gi), i ∈ ObI.
For lax I-diagrams of bicategories F , G, and H, the composition homomorphism
(12) BicatI
op
(G,H)×BicatI
op
(F ,G)→ BicatI
op
(F ,H)
carries lax I-homomorphismsF
F
→ G
G
→ H to the lax I-homomorphismGF : F → H,
whose component at an object i of I is the composite homomorphismGiFi : Fi → Hi,
its component at an arrow a : j → i is the composed pseudo transformation
GjFja
∗
Gjθ+3 Gja∗Fi
θFi+3 a∗GiFi , its component at a pair of composable arrows k
b
→ j
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and j
a
→ i is the modification obtained, from those of F and G, by pasting the di-
agram
GkFkb
∗a∗
Gkθa
∗
+3
GkFkχ

Gkb
∗Fja
∗
θFja
∗
+3
Gkb
∗θ

b∗GjFja
∗
b∗Gjθ

GkΠ 

(7)
∼=
GkFk(ab)
∗
Gkθ
&
EE
EE
EE
EE
EE
EE
EE
E Gkb
∗a∗Fi
θa∗Fi +3
GkχFi

b∗Gja
∗Fi
b∗θFiΠFi 

b∗a∗GiFi
χGiFi
Gk(ab)
∗Fi
θFi
+3 (ab)∗GiFi
and, finally, its component Γ at an object j of I is the modification obtained from
those of F and G, by pasting the diagram
GjFj1∗j
Gjθ +3
GjΓ


Gj1∗jFj
θFj
'H
HH
HH
HH
HH
HH
HH
HH
HH
HH
H
ΓFj 

GjFj
GjιFj
19kkkkkkkkkkkkkkkkkkkkkkkk
kkkkkkkkkkkkkkkkkkkkkkkk
GjFjι
8@xxxxxxxxxxxxx
x
ιGjFj
+3 1∗jGjFj .
If m : F ⇒ F ′ : F → G and n : G ⇒ G′ : G → H are pseudo I-transformations,
then their composition is nm : GF ⇒ G′F ′ : F → H, whose component at an
object i is nimi : GiFi ⇒ G
′
iF
′
i : Fi → Hi, and whose component at an arrow
a : j → i is the modification obtained by pasting the diagram
GjFja
∗
Gjmja
∗
+3
Gjθ

GjF
′
ja
∗
njF
′
ja
∗
+3
Gjθ
′

G′jF
′
ja
∗
G′jθ

GjM
⇛
(7)
∼=
Gja
∗Fi
θFi

Gja
∗mi +3 Gja∗F ′i
θF ′i

nja
∗F ′i +3 G′ja
∗F ′i
θ′F ′i

(7)
∼=
NF ′i
⇛
a∗GiFi
a∗Gimi
+3 a∗GiF ′i
a∗niF
′
i
+3 a∗G′iF
′
i
And the composition of I-modifications σ : m ⇛ m′ : F ⇒ F ′ : F → G and
τ : n⇛ n′ : G⇒ G′ : G → H is στ : nm⇛ n′m′, with (στ)i = σiτi : nimi ⇛ n
′
im
′
i
for every i ∈ ObI. Moreover, given lax I-homomorphisms F
F
→ G
G
→ H and pseudo
I-transformations F
m
⇒ F ′
m′
⇒ F ′′ : F → G and G
n
⇒ G′
n′
⇒ G′′ : G → H, the
structure constraint of the composition homomorphism (12), 1GF ⇛ 1G1F and
n′m′ ◦ nm ⇛ (n′ ◦ n)(m′ ◦ m), are provided by the family of modifications (6)
1GiFi ⇛ 1Gi1Fi and n
′
im
′
i ◦ nimi ⇛ (n
′
i ◦ ni)(m
′
i ◦mi), i ∈ ObI, respectively.
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The associativity and unit pseudo natural equivalences
BicatI
op
(H, T )×BicatI
op
(G,H)×BicatI
op
(F ,G) //

BicatI
op
(G, T )×BicatI
op
(F ,G)
a⇒
BicatI
op
(H, T )×BicatI
op
(F ,H) // BicatI
op
(F , T )
BicatI
op
(G,G)×BicatI
op
(F,G)
**UUU
UUUU
UUUU
UU
BicatI
op
(F,G)
1G×1oo 1×1F//
1

BicatI
op
(F,G)×BicatI
op
(F,F)
ttjjjj
jjjj
jjjj
j
l
⇒
r
⇐
BicatI
op
(F,G)
are as follows: For any lax I-homomorphisms F
F
→ G
G
→ H
H
→ K, H(GF )
a
⇒ (HG)F
is the pseudo I-equivalence whose component at any object i of I is the identity
on the homomorphism HiGiFi, and whose component at an arrow a : j → i is the
modification obtained by pasting
HjGjFja
∗ 1 +3
Hj(θFi ◦Gjθ)

HjGjFja
∗
HjGjθ+3
Hj(θFi◦Gjθ)
#+N
NNN
NNN
NNN
NNN
NNN
NNN
N
∼=Ĥj
HjGja
∗Fi
HjθFi

Hja
∗GiFi
1
ow ggggg
gggg
gggg
gggg
gggg
gggg
gggg
gggg
gggg
gggg
g
θGiFi

Hja
∗GiFi
θGiFi
+3
∼=
a∗HiGiFi
a∗1
+3
∼=
a∗HiGiFi.
Besides, for any pseudo I-transformations (m,n, t) : (H,G, F ) ⇒ (H ′, G′, F ′), the
corresponding I-modification â : a
H′,G′,F ′
◦ m(nt) ⇛ (mn)t ◦ a
H,G,F
, is given by
the family of modifications (9) â : 1 ◦mi(niti) ⇛ (mini)ti ◦ 1, i ∈ ObI. For any
I-homomorphism F : F → G, l : 1GF ⇒ F and r : F1F ⇒ F , are the pseudo
I-equivalences whose components at any object i ∈ ObI are both the identity on
the homomorphism Fi and, at an arrow a : j → i, are the canonical isomorphism
a∗1Fi ◦ θa
∼= θa ◦ 1Fja∗ . Besides, for m : F ⇒ F
′ any pseudo I-transformation, the
corresponding I-modifications l̂ : lF ′ ◦ 11Gm⇛ m ◦ lF and r̂ : rF ′ ◦m11F ⇛ m ◦ rF
are respectively given by the family of modifications (8), l̂ : 1F ′i ◦ 11Gimi ⇛ mi ◦ 1Fi
and r̂ : 1F ′i ◦mi11Fi ⇛ mi ◦ 1Fi .
In BicatI
op
, the structure invertible I-modifications π and µ, as in the definition
of a tricategory, for any lax I-homomorphisms F
F
→ G
G
→ H
H
→ K
K
→ T ,
(aK,H,G1F ◦ aK,HG,F ) ◦ 1KaH,G,F
π
⇛ aKH,G,F ◦ aK,H,GF ,
rG1F ◦ aG,1G,F
µ
⇛ 1GlF ,
are given by the family of modifications (10) π
Ki,Hi,Gi,Fi
and µ
Gi,Fi
, i ∈ ObI.
Finally, note that considering lax I-diagrams of categories, that is, lax functors
F : Iop → Cat to the 2-category Cat of small categories, then
CatI
op
⊆ BicatI
op
is a full subtricategory of BicatI
op
. But note that CatI
op
is actually a 2-category,
since all its 3-cells are identities.
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3. The bicategorical Grothendieck construction
3.1. The Grothendieck construction on lax diagrams of bicategories. Let
I be a small category. The well-known Grothendieck construction on a lax diagram
of categories Iop → Cat [19, 16, 23, 37] admits an extension to a lax diagram of
bicategories
F = (F , χ, ι, ω, γ, δ) : Iop → Bicat,
assembling it into a large bicategory
(13)
∫
I
F
which is a lax colimit of the bicategories Fi, i ∈ ObI and, as we shall detail later,
it can be thought as its homotopy colimit. This bicategory is defined as follows (cf.
[1, 9]):
The objects of
∫
I
F are pairs (x, i), where i is an object of I and x one of the
bicategory Fi, so that
Ob
∫
I F =
⊔
i∈ ObI
ObFi.
The hom-categories are
∫
I
F
(
(y, j), (x, i)
)
=
⊔
j
a
→i
Fj(y, a
∗x),
where the disjoint union is over all arrows a : j → i in I. Then, a morphism
(u, a) : (y, j) → (x, i) in
∫
I
F is a pair of morphisms where a : j → i is in I and
u : y → a∗x is in Fj ; and given two morphisms (u, a), (u
′, a′) : (y, j) → (x, i), the
existence of a 2-cell (u, a) ⇒ (u′, a′) requires that a = a′, and then, such a 2-cell
(y, j)
(u, a)
((
(u′, a)
66
⇓(α, a) (x, i) consists of a 2-cell y
u
%%
u′
99⇓ α a
∗x in Fj .
The horizontal composition functor⊔
j
a
→i
Fj(y, a
∗x)×
⊔
k
b
→j
Fk(z, b
∗y)
◦
−→
⊔
k
c
→i
Fk(z, c
∗i),
for each triplet of objects (z, k), (y, j), and (x, i) of
∫
I
F , maps the component at
two morphisms a : j → i and b : k → j of I into the component at the composite
ab : k → i via the composition
Fj(y, a
∗x)×Fk(z, b
∗y)
b∗ × 1// Fk(b∗y, b∗a∗x)×Fk(z, b∗y)
◦

Fk(z, b
∗a∗x)
χ
∗ // Fk(z, (ab)∗x),
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where χ = χ
a,b
x : b∗a∗x→ (ab)∗x, that is,
(z, k)
(v, b)
%%
(v′, b)
99
⇓(β, b) (y, j)
(u, a)
%%
(u′, a)
99
⇓(α, a) (x, i)
 ◦ // (z, k)
(χ◦(b∗u◦v), ab)
((
(χ◦(b∗u′◦v′), ab)
66⇓
(
1χ◦(b
∗α◦β), ab
)
(x, i).
The structure associativity isomorphism
(u, a) ◦ ((v, b) ◦ (w, c)) ∼= ((u, a) ◦ (v, b)) ◦ (w, c),
for any three composable morphisms (t, ℓ)
(w, c)
−→ (z, k)
(v, b)
−→ (y, j)
(u, a)
−→ (x, i) in∫
I C, is provided by pasting, in the bicategory Fℓ, the diagram
(bc)∗y
χ̂u
∼=
(bc)∗u // (bc)∗a∗x
χ
$$I
II
II
II
∼=
t
w //
(bc)∗u◦(χ ◦ (c∗v ◦ w))
++
c∗(χ ◦ (b∗u ◦ v)) ◦ w
11
c∗z
c∗v // c∗b∗y
c∗b∗u //
χ
>>}}}}}}
c∗b∗a∗x
χa∗
;;vvvvvvv
c∗χ ##H
HH
HH
HH
ω
∼= (abc)
∗x .
∼=
c∗(ab)∗x
χ
::uuuuuuu
The identity morphism, for each object (x, i) in
∫
I F , is provided by the pseudo-
transformation ι : 1Fi ⇒ 1
∗
i , by
1(x,i) = (ιx, 1i) : (x, i)→ (x, i).
The left and right identity constraints
1(x,i) ◦ (u, a) = (χ ◦ (a
∗ιx ◦ u), a) ∼= (u, a),
(u, a) ◦ 1(y,j) = (χ ◦ (1
∗
ju ◦ ιy), a)
∼= (u, a),
for each morphism (u, a) : (y, j) → (x, i), are respectively given by pasting the
diagrams
y u //
u
""
a∗x
a∗ι//
1

a∗1∗i x
χ
||
y ι //
u
""F
FF
FF
FF
FF
F
u
%%
1∗jy
1∗ju //
ι̂u
∼=
1∗ja
∗x
χ
xx
∼= δ∼=
∼= a∗x
ιa∗
;;wwwwwwwww
1

γ
∼=
a∗x
a∗x
The coherence pentagon for associativity in
∫
I
F holds thanks to the coherence
condition (CC1) in Section 7, and the coherence triangles for unit constraints in∫
I F follows from (CC2). Hence
∫
I F is actually a bicategory.
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3.2. The Grothendieck construction trihomomorphism. The assignment
F 7→
∫
I F
is the function on objects of a trihomomorphism of tricategories
(14)
∫
I : Bicat
Iop → Bicat,
described below.
The homomorphism of bicategories
(15)
∫
I : Bicat
Iop(F ,G)→ Bicat(
∫
I F ,
∫
I G) ,
for any two lax I-diagrams F ,G : Iop → Bicat, carries a lax I-homomorphism
F = (F, θ,Π,Γ) : F → G to the homomorphism
(16)
∫
I
F :
∫
I
F →
∫
I
G
defined on objects by
∫
I
F (x, i) = (Fix, i) , and, for each pair of objects (y, j) and
(x, i) of
∫
I F , the functor∫
I
F :
⊔
j
a
→i
Fj(y, a
∗x) //
⊔
j
a
→i
Gj(Fjy, a
∗Fix)
is defined on the components at each morphism j
a
→ i by the composition of functors
Fj(y, a
∗x)
Fj
→ Gj(Fjy, Fja
∗x)
θ∗→ Gj(Fjy, a
∗Fix), where θ = θax : Fja
∗x→ a∗Fix.
If (z, k)
(v,b)
−→ (y, j)
(u,a)
−→ (x, i) are any two composible morphisms of
∫
I
F , then
the invertible structure 2-cell∫
I
F (u, a) ◦
∫
I
F (v, b) ∼=
∫
I
F
(
(u, a) ◦ (v, b)
)
is provided by pasting the diagram in Fk
b∗Fjy
b∗Fju
((QQ
QQQ
Q
∼=
b∗a∗Fix χFi
((RRR
RRR
Fkz
Fkv //
b∗(θ ◦ Fju) ◦ (θ ◦ Fkv)
((
Fk(χ ◦ (b
∗u ◦ v))
66
Fkb
∗y
θ 77nnnnnn
Fkb
∗u ''P
PPP
PP
∼= θ̂u b
∗Fja
∗x
b∗θ 66llllll
∼= Π (ab)∗Fix
Fkb
∗a∗x
Fkχ
//
θa∗ 66mmmmmm
∼=
Fk(ab)
∗x
θ
66llllll
where Π = Π
a,b
x. And, for each object (x, i) of
∫
I F , the isomorphism
1∫
I
F (x,i)
∼=
∫
IF (1(x,i))
is provided by the invertible deformation Γi.
Since the commutativity coherence conditions follow from (CC3) and (CC4),∫
IF :
∫
I F →
∫
I G is actually a homomorphism of bicategories. This describes the
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function on objects of (15), which acts as follows on the hom-categories: Any pseudo
I-transformation, m : F ⇒ G : F → G, gives rise to a pseudo-transformation
(17)
∫
I
m :
∫
I
F ⇒
∫
I
G :
∫
I
F →
∫
I
G,
whose component at an object (x, i) of
∫
I F is∫
I
m(x, i) = (ιiGix ◦mix, 1i) : (Fix, i)→ (Gix, i) ,
and whose component at a morphism (u, a) : (y, j)→ (x, i)
∫̂
Im(u,a) :
∫
Im(x, i) ◦
∫
IF (u, a)
∼=
∫
IG(u, a) ◦
∫
Im(y, j)
is given by pasting
Fjy
Fju //
m

Fja
∗x
θ //
ma∗

a∗Fix
a∗m

a∗(ιGi ◦m)
$$J
JJ
JJ
JJ
JJ
JJ
JJ
Gjy
m̂u
∼=
Gju //
ιGj

Gja
∗x
M
∼=
θ //
ιGja
∗

a∗Gix a∗ιGi //
ιa∗Gi

1
II
II
III
$$II
III
II
∼=
a∗1∗iGix
χGi

1∗jGjy
ι̂Gju
∼=
1∗jGju //
1∗j(θ ◦Gju)
∼=
55
1∗jGja
∗x
(7)
∼=
1∗j θ // 1∗ja
∗Gix
χGi
//
γGi∼=
δGi∼=
a∗Gix .
So defined,
∫
Im is indeed a pseudo transformation thanks to the coherence condi-
tions (CC5) and (CC6).
If m,m′ : F ⇒ G : F → G are two pseudo I-transformations, it follows from
the commutativity of the squares in (CC7) that every I-modification σ : m⇛ m′
defines a modification
∫
Iσ :
∫
Im⇛
∫
Im
′,
by writing
∫
Iσ(x, i) = (1ιGix ◦ σix, 1i) : (ιGix ◦mix, 1i)⇒ (ιGix ◦m
′
ix, 1i) .
For I-modifications σ : m ⇛ m′ and σ′ : m′ ⇛ m′′, where m,m′,m′′ : F ⇒ G,
the equality
∫
I
(σ′ ◦ σ) =
∫
I
σ′ ◦
∫
I
σ is easily verified. Moreover, for the horizontal
composition n ◦m : F ⇒ H of pseudo I-transformations F
m
⇒ G
n
⇒ H : F → G,
the invertible structure modification
(18)
∫
I
n ◦
∫
I
m ⇛
∫
I
(n ◦m) :
∫
I
F ⇒
∫
I
H
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is given by pasting
∼=
1∗iGix
1∗i ni //
1∗i (ιHi ◦ ni)
$$
1∗iHix
1∗i ιHi//
1
GG
GG
G
##GG
GG
G
∼=δ
∼=
1∗i 1
∗
iHix
χHi

Fix mi
//
ιGi ◦mi
==||||||||||
=
Gix ni
//
ιGi
OO
(7)
∼=
Hix
ιHi
//
ιHi
OO
1∗iHix.
If m : F ⇒ G : F → G is any pseudo I-transformation, then
∫
I1m = 1
∫
I
m and, for
any lax I-homomorphism F : F → G, the invertible structure constraint
(19) 1∫
I
F ⇛
∫
I1F
is provided by the canonical isomorphisms r : ιFi ◦ 1Fi
∼= ιFi, i ∈ ObI.
The pseudo-natural equivalence
BicatI
op
(G,H)×BicatI
op
(F ,G)
∫
I ×
∫
I //

Bicat(
∫
IG,
∫
IH)×Bicat(
∫
IF ,
∫
IG)
⇓ Σ
BicatI
op
(F ,H)
∫
I // Bicat(
∫
IF ,
∫
IH),
for any three lax I-diagrams F ,G and H, is that whose component at any pair of
lax I-homomorphisms, F
F
→ G
G
→ H, is the pseudo natural equivalence
(20) Σ = ΣG,F :
∫
IG
∫
IF ⇒
∫
IGF,
which is the identity on objects, that is,
Σ(x, i) = 1(GiFix,i) = (ιiGiFix, 1i) : (GiFix, i) −→ (GiFix, i),
and its component at a morphism (u, a) : (y, j)→ (x, i) is the 2-cell
Σ̂(u,a) : 1(GiFix,i) ◦
∫
IG
∫
IF (u, a)⇒
∫
IGF (u, a) ◦ 1(GjFjx,j) ,
canonically obtained from the 2-cell
∫
IG
∫
IF (u, a)⇒
∫
IGF (u, a) given by the com-
position in Hj
θaFix ◦Gj(θax ◦ Fju)
1◦Ĝ−1j
∼= θaFix ◦ (Gjθax ◦GjFju)
a
∼= (θaFix ◦Gjθax) ◦GjFju.
For (n,m) : (G,F ) ⇒ (G′, F ′), the component of Σ at (n,m) is the invert-
ible modification ΣG′,F ′ ◦
∫
I
n
∫
I
m⇛
∫
I
nm ◦ ΣG,F , canonically obtained from the
modification
∫
In
∫
Im⇛
∫
Inm, which assigns to each object (x, i) of
∫
IF the 2-cell
of
∫
IH provided by pasting in Hi
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Gi1
∗
iF
′
ix
ΓF ′i
∼=
(7)
∼=
θF ′i // 1∗iGiF
′
ix
1∗i(ιG
′
iF
′
i ◦niF
′
i )
((QQ
QQQ
QQQ
QQQ
QQ
1∗i niF
′
i

GiFix ∼=
Gi(ιF
′
i ◦mi)
77oooooooooooo
Gimi ''OO
OOO
OOO
OOO
O 1
∗
iG
′
iF
′
ix 1
∗
iιG
′
iF
′
i
//
1
QQQ
QQQ
((QQQ
QQQ
∼=
1∗i 1
∗
iG
′
iF
′
ix
χG′iF
′
i

GiF
′
ix
nF ′i
//
GiιF
′
i
OO
ιGiF
′
i}}}}}}}}}
>>}}}}}}}}}
G′iF
′
ix
ιG′iF
′
i
//
ιG′iF
′
i
OO
∼=
∼=δ
1∗iG
′
iF
′
ix.
The pseudo-natural equivalence
(21) ΣF :
∫
I1F ⇒ 1
∫
I
F ,
for any lax I-diagramF : Iop → Bicat, is the identity on objects and its component
at any 1-cell, (u, a) : (y, j)→ (x, i) of
∫
IF , is the 2-cell
1(x,i) ◦
∫
I1F(u, a)⇒ (u, a) ◦ 1(y,j)
obtained by pasting
(y, j)
⇓(lu, a)
1

(1a∗x ◦ u, a)//
(u,a)
??
(x, i)
1

(y, j)
(u, a)
// (x, i).
∼=
The structure invertible modifications ω, δ and γ, as in the definition of a triho-
momorphism, for
∫
I
,
(22) ∫
I
HG
∫
I
F
Σ
#+N
NNN
NNN
NNN
NNN
N∫
I
H
∫
I
G
∫
I
F ω∼=
Σ1 2:mmmmmmm
mmmmmmm
1Σ &
EE
EE
E
∫
I
(HG)F
∫
IH
∫
IGF Σ
+3
∫
IH(GF )
∫
Ia
<D

∫
I
F
∫
I
1F
1ΣF
$
BB
BB
BB
BB
BB
B
ΣF,1F +3
∫
I
F1F
δ
∼= ∫
Ir
∫
I
F
∫
I
1G
∫
I
F
ΣG1
$
AA
AA
AA
AA
AA
A
Σ1G ,F+3
∫
I
1GF
γ
∼= ∫
Il
∫
I
F
for any lax I-homomorphisms F
F
→ G
G
→ H
H
→ T , are, respectively, the unique
coherence 2-cells, (x, i) ∈ Ob
∫
IF ,
(HiGiFix, i)
1 // (HiGiFix, i)
1 // (HiGiFix, i)
(HiGiFix, i)
∫
IH
∫
IG 1(Fix,i)
88qqqqqqqqqq
∫
I
H 1(GiFix,i) &&M
MMM
MM
MMM
M
∼=
(HiGiFix, i)
1 // (HiGiFix, i)
1 // (HiGiFix, i),
(ιiHiGiFix◦1HiGiFix, 1i)
OO
1
(r, 1i)
∼=
::
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(Fix, i)∫
iF 1(x,i)

1 // (Fix, i)
(ιiFix ◦ 1Fix, 1i)

1 (r, 1i)∼=
%%
(Fix, i)
1 //
∼=
(Fix, i),
and
(Fix, i)
1(l, 1i)∼=
zz
(11∗i Fix ◦ ιiFix, 1i)

1 // (Fix, i)
(ιiFix ◦ 1Fix, 1i)

1 (r, 1i)∼=
$$
(Fix, i)
1 //
∼=
(Fix, i).
3.3. The bicategorical Grothendieck construction as a tricolimit. In [18,
§ 8], Gray proved that the functor
∫
I : Cat
Iop → Cat carries any lax I-diagram
of categories to its lax colimit (or 2-colimit) in the 2-category of small categories.
Next we shall prove the parallel fact for lax diagrams of bicategories. To do that,
fix I any small category and let
ct : Bicat→ BicatI
op
denote the diagonal trihomomorphism mapping any bicategory B to the constant
lax I-diagram ct(B) : Iop → Bicat that B canonically defines. Then, we have the
following theorem, whose proof this subsection is dedicated to.
Theorem 3.1. The trihomomorphism
∫
I : Bicat
Iop → Bicat is left triadjoint to
the trihomomorphism ct : Bicat→ BicatI
op
.
Proof. Remark first that a trihomomorphism L : T → T ′, where T and T ′ are
tricategories, is called a left triadjoint for a trihomomorphism R : T ′ → T , and
R is called a right triadjoint for L, if there is a biequivalence [17, Definition 3.5]
T ′(L(−),−) ⇒ T (−, R(−)) in the tricategory of trihomomorphisms with domain
T op×T ′ and codomain Bicat, Tricat(T op×T ′,Bicat), whose 1-cells are tritrans-
formations, whose 2-cells are trimodifications, and whose 3-cells are perturbations
[17, 3.3].
Hence, we must prove that there is a tritransformation
Bicat(
∫
I(−),−)⇒ Bicat
Iop(−, ct(−))
such that, for any lax diagram of bicategories F : Iop → Bicat and bicategory B,
the associated homomorphism
Bicat(
∫
I F ,B)→ Bicat
Iop(F , ct(B))
is a biequivalence of bicategories. In more elementary terms, we shall prove the
existence of tritransformations (the unit and counit)
η : 1BicatIop =⇒ ct
∫
I , ǫ :
∫
I
ct =⇒ 1Bicat ,
REALIZATIONS OF BRAIDED MONOIDAL CATEGORIES 21
and equivalences (the triangulators)
(23)
∫
I
∫
I
η
+3
1
%
CC
CC
CC
CC
CC
C
∫
I ct
∫
I
ǫ
∫
I

T
⇚
∫
I
,
ct
η ct +3
1
%
DD
DD
DD
DD
DD
DD
ct
∫
I ct
ct ǫ

S
⇛
ct ,
that is, trimodifications T and S as above, such that, for any F : Iop → Bicat, the
pseudo transformation
TF : ǫ
∫
IF
∫
IηF ⇒ 1
∫
I
F
is a pseudo equivalence, and, for any bicategory B, the corresponding
SB : 1ct(B) ⇒ ct(ǫB) ηct(B)
is a pseudo I-equivalence.
The proof is then divided into three parts.
Part I. Here we exhibit the unit tritransformation η : 1BicatIop ⇒ ct
∫
I .
At any lax I-diagram of bicategories F : Iop → Bicat, the lax I-homomorphism
η = ηF : F → ct(
∫
IF)
works as follows: For any object i of I, ηi : Fi →
∫
IF is the embedding homomor-
phism defined by
(24) y
u
%%
u′
99⇓ φ x
ηi
7→ (y, i)
(ιix◦u, 1i)
((
(ιix◦u
′, 1i)
66⇓(1ιix◦φ, 1i) (x, i),
where, for the horizontal composition of 1-cells z
v
→ y
u
→ x in Fi, the invertible
structure 2-cell ηi(u) ◦ ηi(v) ∼= ηi(u ◦ v) is provided by pasting in Fi the diagram
(25)
∼=
1∗i y
1∗i u //
1∗i (ι ◦ u)
""
1∗i x
1∗i ι //
1
BB
BB
  B
BB
B
δ
∼=
∼=
1∗i 1
∗
ix
χ

z
v
//
ι ◦ v
AA
=
y
u
//
ι
OO
ι̂u∼=
x
ι
//
ι
OO
1∗i x,
and, for any object x in Fi, the structure isomorphism 1ηix
∼= ηi(1x) is the one
given by the canonical isomorphisms ιix ∼= ιix ◦ 1x. If a : j → i is any morphism in
I, then the component at an object x ∈ Fi of the attached pseudo transformation
θ : ηja
∗ ⇒ ηi : Fi →
∫
IF
is the morphism
θx = (1a∗x, a) : (a
∗x, j)→ (x, i),
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and, for each morphism u : y → x in Fi, the invertible 2-cell
θ̂u : θx ◦ ηja
∗u ∼= ηiu ◦ θy
is that obtained by pasting the diagram
(26) 1∗ja
∗x
ι̂
∼=
1∗j (1a∗x) // 1∗ja
∗x
χ
&&MM
MMM
MMγ
∼=
a∗x
∼=
ιa∗ 88rrrrrr 1a∗x // a∗x
a∗ι
MMM
&&MM∼=
ιa∗ 88qqqqqqq
1a∗x //
δ
∼=
a∗x
a∗y
a∗u
::tttttt
1a∗y
// a∗y
a∗u
88rrrrrrr
a∗(ι ◦ u)
// a∗1∗jx .
χ
88qqqqqqq
For k
b
→ j
a
→ i, two composable morphisms of I, and any object i, the invertible
modifications
ηkb
∗a∗
ηkχ +3
θba
∗

Π
∼=
ηk(ab)
∗
θab

ηja
∗
θa
+3 ηi
ηi
1ηi
!
::
::
::
::
::
::ηiι
| 


 Γ
∼=
ηi1
∗
i
θ1i
+3 ηi ,
are respectively provided, at each object x of Fi, by pasting the diagrams
(27)
b∗a∗x
b∗1a∗ // b∗a∗x
χ // (ab)∗x
∼= ∼= 1∗k(ab)
∗x
χiiSSSSSS
b∗a∗x
1b∗a∗
OO
χ
// (ab)∗x
1
<<yyyyyyyyyyy
γ
∼=
ι(ab)∗
// 1∗k(ab)
∗x1
∗
k(1(ab)∗x) ,
55kkkkk
χ
OO
1∗i x
∼=γ
1
))TTT
TTT
TTT
TTT
TTT
TTT
TTT
TT
ι1∗i // 1∗i 1
∗
i x
1∗i (11∗i x)//
χ
$$I
II
II
II
II
II
1∗i 1
∗
i x
χ

∼=
x
∼=
ι
OO
ι
// 1∗i x.
If F : F → G is any lax I-homomorphism, then the attached pseudo I-equivalence
η̂ = η̂F : ct(
∫
IF ) ηF ⇒ ηG F,
is, at any object i of I, the identity on objects pseudo equivalence
η̂i :
∫
IF ηi ⇒ ηi Fi : Fi →
∫
IG,
that is, with η̂ix = 1(Fix,i), and whose component at a morphism u : y → x of the
bicategory Fi is canonically obtained from pasting
(28) Fi1
∗
i x
θ
$$I
II
II
II
II
Fiy
Fi(ι ◦ u)
<<xxxxxxxx
Fiu
// Fix
Fiι
OO
ιFi
//
∼=Γ∼=
1∗iFix;
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and, for a : j → i, the corresponding invertible modification∫
I
F ηj a
∗
∫
IF θ

η̂ja
∗
+3 ηj Fj a∗ ηjθ
%-S
SSS
S
SSS
SS
∼= ηj a
∗ Fi
θFiqy k
kkk
kkkkkk
kkk
k∫
IF ηi η̂i
+3 ηi Fi
is, at any object x of Fi, that canonically obtained from pasting in Gj
(29) Fja
∗x
∼=
Fj1
∗
a //
θ

Fja
∗x
∼=
θ // a∗Fix
a∗Fix
∼=γ
1
44iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii
ιa∗Fi
// 1∗ja
∗Fix
χ
88rrrrrrrrrrrrrrrrr
1∗j (1a∗Fix)
// 1∗ja
∗Fix.
χ
OO
The tritransformation η takes any pseudo I-transformationm : F ⇒ F ′ : F → G
to the invertible I-modification
ct(
∫
Im) ηF ◦ η̂F
∼= η̂F ′ ◦ ηGm,
whose component at an object x of Fi, for any i of I, is the canonical isomorphism
1ηix ◦ ηi(mix)
∼= ηi(mix) ◦ 1ηix of the bicategory
∫
IG.
If F
F
→ G
G
→ H are any two composable lax I-homomorphisms, then the estruc-
ture invertible I-modification for the tritransformation η
ct(
∫
I
G) ct(
∫
I
F ) η
∼=
ct(
∫
IG)η̂ +3
ct(Σ)η

ct(
∫
I
G) η F
η̂F

ct(
∫
I(GF )) η
η̂ +3 η GF
is, for any objects i of I and x of Fi, the canonical isomorphism in the bicategory∫
I
H
1(GiFix,i) ◦
∫
I
G(1(Fix,i))
∼= 1(GiFix,i) ◦ 1(GiFix,i) .
And, finally, say that for any lax I-diagram of bicategories F , the equality
ct(ΣF ) ηF = η̂1F : ct(
∫
I1F) ηF ⇒ ηF
holds, and the corresponding I-modification of η attached to F between them is
the identity one. This makes complete the description of the tritransformation η.
Part II. Here we shall describe the counit tritransformation ǫ :
∫
I ct⇒ 1Bicat ,
which is easier to describe than the unit, since the composite
∫
I
ct can be identified
with the trihomomorphism (−)×I : Bicat→ Bicat, and then ǫ with the projection
on the first factor. More precisely, for any bicategory B,
ǫ = ǫB :
∫
I
ct(B)→ B
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is the normal homomorphism
(y, j)
(u, a)
((
(u′, a)
66⇓ (α, a) (x, i)
ǫ
7→ y
u
&&
u′
88⇓ α x,
whose structure constraints for horizontal compositions of 1-cells are given by the
left identity constraints of the bicategory B. For any two bicategories B and C, the
diagram
Bicat(B, C)
∫
I ct //
ǫ∗ ))
TTT
TTTT
T
Bicat(
∫
I ct(B),
∫
I ct(C))
ǫ∗ssggg
gggg
ggg
Bicat(
∫
I ct(B), C)
commutes, and the corresponding pseudo natural equivalence
ǫ̂ : ǫ∗
∫
I ct⇒ ǫ
∗
is the identity.
For any two homomorphism B
F
→ C
G
→ D, the invertible modification
ǫ
∫
I ct(G)
∫
I ct(F )
∼=
ǫ̂
∫
I ct(F ) +3
ǫΣ

Gǫ
∫
I ct(F )
Gǫ̂

ǫ
∫
I
ct(GF )
ǫ̂ +3 GFǫ
is, at any object x of B, the canonical isomorphism G1Fx ◦ 1GFx ∼= 1GFx ◦ 1GFx
in D, and, for any B, we have ǫBΣct(B) = ǫ̂1B , and the corresponding invertible
modification for ǫ at B is the identity.
Part III. We conclude here the proof by showing the triangulators T and S in (23).
The component of T at any lax I-diagram F : Iop → Bicat, is the pseudo
equivalence TF : ǫ
∫
I
F
∫
I
ηF ⇒ 1∫
I
F with TF(x, i) = 1(x,i) for any object (x, i)
of
∫
I
F , and whose component at a morphism (u, a) : (x, i) → (y, j) is canonically
provided by the 2-cell in Fi pasted of
a∗x
ιa∗
GG
GG
##GG
GG
ιa∗ //
1a∗

1∗i a
∗x
1∗i (1a∗x)

a∗x
∼=γ
∼=
1∗i a
∗x.
χ
oo
For any lax I-homomorphism F : F → G, the structure invertible modification
ǫ
∫
IG ct(
∫
I F )
∫
IηF
∼=
ǫ
∫
IG
∫
I η̂F +3
ǫ̂F
∫
IηF

ǫ
∫
IG
∫
IηG
∫
IF
TG
∫
IF
∫
I
F ǫ
∫
I
F
∫
I
ηF ∫
I
F TF
+3
∫
I
F
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is, at any object (x, i) of
∫
I
F , the canonical isomorphism 1∫
I
F (x,i)
∼=
∫
IF (1(x,i)) .
And when it comes to S, say that, for any bicategory B, the component of
SB :1ct(B) =⇒ ct(ǫB) ηct(B) at an object i of I is the pseudo equivalence which is
the identity on objects of B, and whose component at a morphism u : y → x is the
canonical isomorphism 1x ◦ (1x ◦ u) ∼= u ◦ 1y. For any homomorphism F : B → C,
the structure invertible modification
ct(F )
SC ct(F )

∼=
ct(F ) SB
+3 ct(F ) ct(ǫB) ηct(B)
ct(ǫ̂B) ηct(B)

ct(ǫC) ηct(C) ct(F )
ct(ǫC) η̂ct(F )
+3 ct(ǫC) ct(
∫
I
ct(F )) ηct(B),
at any i ∈ ObI and x ∈ ObB, is the canonical 2-cell 1Fx ◦F (1x) ∼= 1Fx ◦ 1Fx in the
bicategory C. 
4. Rectification
Following Giraud [15], Street [35], Thomanson [37], and May [30], we shall show
here how any lax I-diagram of bicategories F = (F , χ, ι, ω, γ, δ) : Iop → Bicat has,
naturally associated to it, a genuine I-diagram of bicategories, that is, a functor
(30) F
r
: Iop → Hom ⊂ Bicat
that, as we will prove later, represents the same homotopy type as F . This I-
diagram of bicategories F r is built as follows. For each object i of I, let i/I be the
comma category whose objects are the arrows in I of the form b : i→ k and whose
morphisms are the appropriate commutative triangles. By composing F with the
obvious forgetful functor i/I
πi→ I, we obtain the lax (i/I)-diagram
Fπi : (i/I)
op → Bicat,
and then, by the Grothendieck construction, a new bicategory
F
r
i =
∫
i/I Fπi,
whose set of objects is
⊔
i
b
→k
ObFk and hom-categories
F
r
i
(
(y, i
c
→ l), (x, i
b
→ k)
)
=
⊔
l
d
→ k
dc = b
Fl(y, d
∗x).
An arrow a : j → i in I induces a functor a∗ : i/I → j/I with πja
∗ = πi and
hence a strict 2-functor a∗ : F
r
i → F
r
j ,
(y, i
c
→ l)
(u, d)
++
(u′, d)
33
⇓ (α, d) (x, i
b
→ k)
a∗
7→ (y, j
ca
→ l)
(u, d)
++
(u′, d)
33
⇓ (α, d) (x, j
ba
→ k).
For i any object of I, we have 1∗i = 1Fri , and for k
b
→ j
a
→ i, any two composible
arrows of I, the equality b∗a∗ = (ab)∗ : F
r
i → F
r
k holds. Therefore, we have defined
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a genuine I-diagram of bicategories and strict functors F
r
: Iop → Hom ⊂ Bicat,
which we refer to as the rectification of F .
Proposition 4.1. The assignment F 7→ F
r
is the function on objects of a trien-
domorphism ( )
r
: BicatI
op
→ BicatI
op
, which we call rectification.
Proof. If F : F → G is any given lax I-homomorphism between lax I-diagrams
F ,G : Iop → Bicat, then, for each object i of I, the composite Fπi : Fπi → Gπi is
a lax (i/I)-homomorphism inducing a homomorphism
F
r
i =
∫
i/IFπi : F
r
i → G
r
i .
The assignment i 7→ F
r
i completely determines an I-homomorphism F
r
: F
r
→ G
r
,
that is, a lax I-homomorphism such that, for any arrow a : j → i in I, the equality
F
r
j a
∗ = a∗F
r
i holds, the pseudo-transformations θ for F
r
are identities, and the
invertible modifications Π and Γ are given by the unit constraints. Call F
r
the
rectification of F .
Similarly, for m : F ⇒ G : F → G a pseudo I-transformation, we define its
rectification mr : F
r
⇒ G
r
: F
r
→ G
r
to be the I-transformation given by writing
mri =
∫
i/I
mπi : F
r
i ⇒ G
r
i ,
for each object i of I. For any arrow a : j → i in I, the equality a∗mri = m
r
ja
∗
holds, so that mr is a genuine I-transformation in the sense that the corresponding
invertible modification M is that given by the unit constraints. And finally, for
σ : m ⇛ n an I-modification, we take σr : mr ⇛ nr to be the I-modification
defined at any object i of I by
σri =
∫
i/I
σπi : mri ⇛ n
r
i .
The rectification constructions above actually lead to a triendomorphism of
the tricategory of lax I-diagrams, simply thanks to the Grothendieck construc-
tion
∫
I :Bicat
Iop→ Bicat being a trihomomorphism. Thus, the structure iso-
morphisms of the rectification homomorphism
( )
r
: BicatI
op
(F ,G)→ BicatI
op
(F
r
,G
r
)
are as follows: for any pseudo I-transformations F
m
⇒ G
n
⇒ H : F → G, the
structure invertible I-modification nr ◦mr ⇛ (n ◦m)r at an object i of I is
nri ◦m
r
i =
∫
i/I
nπi ◦
∫
i/I
mπi
(18)
⇛
∫
i/I
(n ◦m)πi = (n ◦m)
r
i ,
while the invertible I-modification 1F r ⇛ 1
r
F at an object i is
(1F r )i = 1∫
i/I
Fπi
(19)
⇛
∫
i/I
1Fπi = (1
r
F )i.
Furthermore, for any pair of lax I-homomorphisms F
F
→ G
G
→ H, the components,
at an object i ∈ ObI, of the pseudo-natural I-equivalences Σ
r
G,F : G
r
F
r
⇒ (GF )
r
and Σ
r
F : 1
r
F ⇒ 1Fr are, respectively,
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G
r
iF
r
i =
∫
i/IGπi
∫
i/IFπi
(20)
⇒
∫
i/I GFπi = (GF )
r
i ,
(1
r
F)i =
∫
i/I1Fπi
(21)
⇒ 1
∫
i/I
Fπi = (1Fr )i,
that is, (Σ
r
G,F )i = ΣGπi,Fπi and (Σ
r
F )i = ΣFπi . For any morphism a : j → i, the
equalities Σ
r
ja
∗ = a∗Σ
r
i hold, and the components Ma, both for Σ
r
G,F and Σ
r
F , are
the canonical modifications given by the identity constraints.
Given lax I-homomorphisms F
F
→ G
G
→ H
H
→ K, the structure invertible I-
modifications ω
r
, δ
r
and γ
r
for ( )
r
, as in the definition of a trihomomorphism,
(HG)
r
F
r
Σ
r
#+O
OOO
OOO
OOO
OOO
O
H
r
G
r
F
r ω
r
∼=
Σ
r
1 4<qqqqqq
qqqqqq
1Σ
r  
::
::
::
::
((HG)F )
r
H
r
(GF )
r
Σ
r
+3 (H(GF ))
r
a
r
;C~~~~
F
r
1
r
F
1Σ
r
F #
??
??
??
??
??
Σ
r
F,1F+3 F
r
1
r
F
δ
r
∼=
r
r

F
r
1
r
GF
r
Σ
r
G1 #
@@
@@
@@
@@
@@
Σ
r
1G,F +3 (1GF )
r
γ
r
∼=
l
r

F
r
are, respectively, given by the families of modifications (22), ωHπi,Gπi,Fπi , δFπi and
γ
Fπi
, i ∈ ObI. 
Every lax diagram of bicategories is related to its rectification by a canonical lax
homomorphism, which we describe as follows:
Lemma 4.2. Given F = (F , χ, ι, ω, γ, δ) : Iop → Bicat, any lax I-diagram of
bicategories, there is a lax I-homomorphism
J = (J, θ,Π,Γ) : F → F
r
,
whose component at an object i of I is the homomorphism Ji : Fi → F
r
i acting by
(31) y
u
&&
u′
99⇓φ x
Ji7→ (y, 1i)
(ιix◦u, 1i)
))
(ιix◦u
′, 1i)
55⇓(1ιix◦φ, 1i) (x, 1i) .
For the horizontal composition of 1-cells z
v
→ y
u
→ x in Fi, the structure invertible
2-cell Ji(u) ◦ Ji(v) ∼= Ji(u ◦ v) is provided by pasting the diagram (25) in Fi and,
for any object x in Fi, the structure isomorphism 1Jix
∼= Ji(1x) is that given by the
canonical isomorphisms ιix ∼= ιix ◦ 1x.
If F = (F, θ,Π,Γ) : F → G is any lax I-homomorphism, then there is a pseudo
I-equivalence
(32) F
F //
J 
G
J
F
r
F
r
//
m
⇒
G
r
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Proof. Given a morphism a : j → i in the category I, the component of the pseudo-
transformation
(33) θ : Jja
∗ ⇒ a∗Ji
at an object x ∈ ObFi is the morphism, in F
r
j , θx = (1a∗x, a) : (a
∗x, 1j) → (x, a).
Moreover, for each morphism u : y → x in Fi, the invertible 2-cell
θ̂u : θx ◦ Jja
∗u ∼= a∗Jiu ◦ θy
is that obtained by pasting the diagram (26).
For k
b
→ j
a
→ i, two composable morphisms of I, and any object i, the invertible
modifications
Jkb
∗a∗
θa∗

Jkχ +3 Jk(ab)∗
θ
%-S
SSS
S
SSS
SS
Π
∼=
(ab)∗Ji
b∗Jja
∗
b∗θ
+3 b∗a∗Ji
1Ji
19kkkkkk
kkkkkk
Ji
1Ji
!
::
::
::
::
::
::
::
::
Jiι
~ 







Γ
∼=
Ji1
∗
i
θ
+3 1∗iJi ,
are respectively provided, at each object x of Fi, by pasting the diagrams (27).
Given F : F → G, a lax I-homomorphism, for each object i of I, the pseudo-
natural equivalence (32) at i, mi : F
r
i Ji ⇒ JiFi : Fi → G
r
i , is the identity on
objects, that is, mix = 1(Fix,1i), while its component at a 1-cell u : y → x of the
bicategory Fi is canonically obtained from pasting (28).
Finally, for a : j → i a morphism of I, the corresponding invertible modification
F
r
j Jja
∗
mja
∗
+3
θ

M
∼=
JjFja
∗
θ

a∗F
r
i Ji a∗mi
+3 a∗JiFi
is that obtained from (29). 
We should comment that the data in the previous lemma describes the compo-
nents at objects and morphisms for a tritransformation J : 1BicatIop ⇒ ( )
r
, whose
full description is left to the reader. Furthermore, although for any given lax dia-
gram F , the lax I-homomorphism J : F → F
r
does not have any right biadjoint
(in the tricategory BicatI
op
), we have the following:
Lemma 4.3. Let F = (F , χ, ι, ω, γ, δ) : Iop → Bicat be a lax I-diagram of bicate-
gories. For any object i of the category I, the homomorphism in (31), Ji : Fi → F
r
i ,
has a right biadjoint.
Proof. The right biadjoint to Ji is the homomorphism Ri : F
r
i → Fi such that
(y, i
b
→ k)
(u, d)
**
(u′, d)
44
⇓ (α, d) (x, i
a
→ j)
Ri7→ b∗y
χ ◦ b∗u
((
χ ◦ b∗u′
66⇓ 1χ◦ b
∗α a∗x.
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If (z, i
c
→ l)
(v,e)
−→ (y, i
b
→ k)
(u,d)
−→ (x, i
a
→ j) are any two composible 1-cells of F
r
i , then
the structure invertible 2-cell Ri(u, d) ◦Ri(v, e) ∼= Ri((u, a) ◦ (v, b)
)
is provided by
pasting the diagram in Fi
c∗z
∼=c∗v

c∗(χ ◦ (e∗u ◦ v))
// c∗(de)∗x
χ
))RR
RRR
RRR
RRR
RRR
R
c∗e∗y
χ

c∗e∗u
// c∗e∗d∗x ω∼=
χd∗

c∗χ
OO
a∗x
b∗y
χ̂u
∼=
b∗u
// b∗d∗x
χ
55llllllllllllllll
and, for each object (x, i
a
→ j), the identity structure constraint 1Ri(x,a)
∼= Ri(1(x,a))
is δa : χ ◦ a
∗ι⇒ 1a∗ .
The unit of the biadjunction is the pseudo-transformation η : 1Fi ⇒ RiJi, with
ηx = ιix : x → 1
∗
i x, for each object x of Fi, and whose component at a 1-cell
u : y → x is the invertible 2-cell obtained by pasting
y u //
ι

x
∼=
ι //
ι 
1∗ix
ι̂
∼=
1∗i x
∼= &&MM
MMM
MM
1∗i ι
1qqq
88qqq
∼=δ
1∗i y
1∗i (ι ◦ u)
//
99ssssss
1∗i u
1∗i 1
∗
i x,
χ
OO
and the counit of the biadjunction is the pseudo-transformation ǫ : JiRi ⇒ 1Fri ,
with ǫ(x, i
a
→ j) = (1a∗x, a) : (a
∗x, 1i) −→ (x, a), and whose component at a
morphism (u, c) : (y, i
b
→ k) → (x, i
a
→ j) in F
r
i is the invertible deformation
provided from pasting in the bicategory Fi
b∗y
b∗u //
1b∗

b∗c∗x
∼=
χ // a∗x
ιa∗ //
ιa∗
@@
@@
@
@
@@
@@1a∗

1∗i a
∗x
1∗i (1a∗x)

b∗y
b∗u
// b∗c∗x χ
// a∗x
∼=γ
∼=
1∗i a
∗x.
χ
oo
The invertible modification triangulators 1Ri ⇛ Riǫ ◦ ηRi and ǫJi ◦ Jiη ⇛ 1Ji
are, at objects (x, i
a
→ j) of F
r
i and x of Fi, respectively obtained from pasting the
diagrams below in Fi.
a∗x
ιa∗
FF
FF
""FF
FF
ιa∗ //
1a∗

1∗i a
∗x
1∗i (1a∗x)

a∗x
∼=γ
∼=
1∗i a
∗x
χ
oo
x
ι //
ι @
@@
@@
@@
@ 1
∗
ix
∼=γ
∼=
1
ι1∗i // 1∗i 1
∗
i x
||xx
xx
xx
xxχ
1∗i (11∗i x)

∼=
1∗ix 1
∗
i 1
∗
i xχ
oo

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For any lax diagram of bicategories F : Iop → Bicat, the lax I-homomorphism
J : F → F
r
induces a corresponding homomorphism on the Grothendieck construc-
tions
∫
I
J :
∫
I
F →
∫
I
F
r
. Up to a pseudo-natural equivalence, this homomorphism∫
IJ can easier be described in terms of the following normal homomorphism
(34) j :
∫
I
F →
∫
I
F
r
,
(y, j)
(u, a)
((
(u′, a)
66⇓ (α, a) (x, i)
j
7→ ((y, 1j), j)
((u, a), a)
++
((u′, a), a)
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⇓((α, a), a) ((x, 1i), i)),
whose structure constraints for horizontal compositions of 1-cells are given by the
left identity constraints of the bicategories F
r
i .
Lemma 4.4. There is a pseudo-natural equivalence
∫
I
J ⇒ j :
∫
I
F →
∫
I
F
r
.
Proof. The claimed pseudo-natural equivalence is the identity transformation on
objects and, at each 1-cell (u, a) : (y, j) → (x, i) of the bicategory
∫
I
J , its compo-
nent is the composite 2-cell
1((x,1i),i) ◦
∫
IJ(u, a)
l
∼=
∫
IJ(u, a)
((α, a), a)
+3 j(u, a)
r
−1
∼= j(u, a) ◦ 1((y,1j),j),
where the invertible 2-cell α is that obtained by pasting the diagram in Fj
y u //
u
""E
EE
EE
EE
EE
EE
EE
EE
EE
EE a
∗x
∼=
ιa∗ //
1a∗x
&&LL
LLL
L
1∗ja
∗x
1∗j(1a∗x)// 1ja∗x
χ
zzttt
tt
tt
tt
tt
tt
tt
tt
tt
tt
a∗x γ
∼=
ιa∗
33ggggggggggggggggg
1a∗x

∼= ι̂
a∗x

Proposition 4.5. For any lax diagram of bicategories F : Iop → Bicat, the
homomorphism j :
∫
IF →
∫
IF
r
has a left biadjoint.
Proof. The left biadjoint to j is the normal homomorphism p :
∫
I
F
r
→
∫
I
F de-
fined by
((y, j
d
→ l), j)
((u, b), a)
++
((u′, b), a)
33
⇓ ((α, b), a) ((x, i
c
→ k), i)
p
7→ (y, l)
(u, b)
))
(u′, b)
55⇓ (α, b) (x, k),
whose structure constraints for horizontal compositions of 1-cells are given by the
left identity constraints of the bicategories F
r
i .
The unit of the biadjunction is the pseudo-transformation η : 1⇒ jp, with
η((x, i
c
→ k), i) = ((ιkx, 1k), c) : ((x, i
c
→ k), i)→ ((x, k
1k→ k), k),
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for each object ((x, i
c
→ k), i) of
∫
I
F
r
, and whose component
η̂ : ((ιkx, 1k), c) ◦ ((u, b), a) ∼= ((u, b), b) ◦ (ιly, 1l), d),
at a 1-cell ((u, b), a) : ((y, j
d
→ l), j)→ ((x, i
c
→ k), i), is provided by the 2-cell ob-
tained by pasting in the bicategory Fl
y
ι̂
∼=
ι

u // b∗x

ιb∗
##H
HH
HH
HH
HH
H
1b∗
b∗ι // b∗1∗kx
χ

1∗l y
1∗l u
// 1∗l b
∗x
χ
//
∼=γ
∼=δ
b∗x.
One easily sees the equalities pj = 1∫
I
F , ηj = 1j, and pη = 1p, showing that p ⊣ j
is a biadjunction. 
5. classifying spaces
For the general background on simplicial sets, we mainly refer to [16]. The
simplicial category is denoted by ∆, and its objects, that is, the ordered sets
[n] = {0, 1, . . . , n}, are usually considered as categories with only one morphism
j → i when 0 ≤ i ≤ j ≤ n. Then, a non-decreasing map [n] → [m] is the same as
a functor, so that we see ∆, the simplicial category of finite ordinal numbers, as a
full subcategory of Cat, the category (actually the 2-category) of small categories.
Recall that the category ∆ is generated by the injections di : [n−1]→ [n] (cofaces),
0 ≤ i ≤ n, which omit the ith element and the surjections si : [n+ 1]→ [n] (code-
generacies), 0 ≤ i ≤ n, which repeat the ith element, subject to the well-known
cosimplicial identities: djdi = didj−1 if i < j, etc.
Given a bicategory C, let
(35) BC
denote its classifying space. We shall briefly recall from [9] that BC can be defined
through several, but always homotopy-equivalent, constructions. For instance, BC
may be thought of as the realization of the normal pseudo-simplicial category, called
the pseudo-simplicial nerve of the bicategory,
(36) NC = (NC, χ, 1) : ∆
op
→ Cat ,
whose category of p-simplices is
NpC =
⊔
(x0,...,xp)∈ObCp+1
C(x1, x0)× C(x2, x1)× · · · × C(xp, xp−1),
where a typical arrow is a string of 2-cells in C
x0 ⇓ α1 x1
v1
ff
u1
xx
⇓ α2 x2
v2
ff
u2
xx
· · · xn−1 ⇓ αn xn,
vn
ff
un
xx
and NC0 = Ob C, as a discrete category. The face and degeneracy functors are
defined in the standard way by using the horizontal composition of adjacent cells
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and the identity morphisms of the bicategory:
(37)
di(α1, . . . , αp) =

(α2, . . . , αp) if i = 0,
(α1, . . . , αi ◦ αi+1, . . . , αp) if 0 < i < p,
(α1, . . . , αp−1) if i = p,
si(α1, . . . , αp) = (α1, . . . , αi, 1xi , αi+1, . . . , αp).
If a : [q] → [p] is any non-identity map in ∆, then we write a in the (unique)
form (see [28], for example) a = di1 · · · dissj1 · · · sjt , where 0 ≤ is < · · · < i1 ≤ p,
0 ≤ j1 < · · · < jt ≤ q and q+ s = p+ t, and the induced functor a
∗ : NpC → NqC is
defined by a∗ = sjt · · · sj1dis · · · di1 . Note that djdi = didj+1 for i ≤ j, unless i = j
and 1 ≤ i ≤ p− 2, in which case the associativity constraint of C gives a canonical
natural isomorphism
(38) didi
χ
∼= didi+1.
Similarly, all the equalities d0s0 = 1, dp+1sp = 1, disj = sj−1di if i < j and
disj = sjdi−1 if i > j + 1, hold, and the unit constraints of C give canonical
isomorphisms
(39) disi
χ
∼= 1, di+1si
χ
∼= 1.
Then it is a fact that this family of natural isomorphisms (38) and (39), uniquely
determines a whole system of natural isomorphisms χa,b : b
∗a∗ ∼= (ab)∗, one for each
pair of composible maps in ∆, [n]
b
→ [q]
a
→ [p], such that the assignments a 7→ a∗,
1[p] 7→ 1NCp , together with these isomorphisms b
∗a∗ ∼= (ab)∗, give the data for the
pseudo-simplicial category (36), NC : ∆
op
→ Cat. This fact can be easily proven by
using Jardine’s supercoherence theorem [23, Corollary 1.6] since the commutativity
of the seventeen diagrams of supercoherence, (1.4.1)-(1.4.17) in [23], easily follows
from the pentagon and triangle coherence diagrams in the bicategory C.
When a category C is considered as a discrete bicategory, that is, where the
deformations are all identities, then NC is the usual Grothendieck’s nerve of the
category.
Since the horizontal composition involved is in general neither strictly associative
nor unitary, NC is not a simplicial category (with a well understood simple geometric
realization), which forces one to deal with defining the geometric realization of what
is not simplicial but only ‘simplicial up to (coherent) isomorphisms’. Indeed, this
has been done by Segal, Street, and Thomason using methods of Grothendieck, so
that the classifying space of the bicategory is
B
∫
∆NC,
the ordinary classifying space of the category obtained as the Grothendieck con-
struction on the pseudo-simplicial nerve of the bicategory NC.
A second possibility is to recall that the unitary geometric nerve of a bicategory
C [36, 12, 21, 9] is the simplicial set
(40) ∆
u
C : ∆
op
→ Set, [p] 7→ NorLaxFunc([p], C),
whose p-simplices are the normal lax functors ξ : [p]→ C. If a : [q] → [p] is any
map in ∆, that is, a functor, the induced a∗ : ∆
u
Cp → ∆
u
Cq carries ξ : [p]→ C to
the composite ξa : [q]→ C, of ξ with a. This nerve ∆
u
C is a simplicial set which
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is coskeletal in dimensions greater than 3, whose vertices are the objects ξ0 of C,
the 1-simplices are the 1-cells ξ0,1 : ξ1 → ξ0 and, for p ≥ 2, a p-simplex of ∆
u
C is
geometrically represented by a diagram in C with the shape of the 2-skeleton of an
orientated standard p-simplex, whose faces are triangles
⇓ ξi,j,k
ξj
ξi,j
>
>>
>>
>>
ξk
ξj,k
??
ξi,k
// ξi
with objects ξi placed on the vertices, 0 ≤ i ≤ p, 1-cells ξi,j : ξj → ξi on the edges,
0 ≤ i < j ≤ p, and 2-cells ξi,j,k : ξi,j ◦ ξj,k ⇒ ξi,k, for 0 ≤ i < j < k ≤ p. These
data are required to satisfy the condition that, for 0 ≤ i < j < k < l ≤ p, each
tetrahedron is commutative in the sense that
ξl //
?
??
??
??
??

ξi
⇑
⇒
=
ξk // ξj
OO ξl
//

⇑
⇐
ξi
ξk //
??
ξj
OO
The geometric nerve of a bicategory C is the simplicial set
(41) ∆C : ∆
op
→ Set, [p] 7→ LaxFunc([p], C),
that is, the simplicial set whose p-simplices are all lax functors ξ : [p]→ C. Hence,
the unitary geometric nerve ∆
u
C becomes a simplicial subset of ∆C. The p-simplices
of the geometric nerve ∆C are described similarly to those of the normalized one,
but now they include 2-cells ξi : 1ξi ⇒ ξi,i, 0 ≤ i ≤ p, with the requirement that
the diagrams below commute.
ξi,j ◦ 1ξj
s{ nnn
nnnn
n1 ◦ ξj r
!)K
KKK KKK
K
ξi,j ◦ ξj,j
ξi,j,j
+3 ξi,j
1ξi ◦ ξi,jξi ◦ 1
s{ ooo
oooo
o l
!)K
KKK KKK
K
ξi,i ◦ ξi,j
ξi,i,j
+3 ξi,j
We shall list below a number of required results from [9]:
Fact 5.1. [9, Theorem 6.1] For any bicategory C, there are natural homotopy equiv-
alences
(42) BC ≃ |∆
u
C| ≃ |∆C|.
Fact 5.2. [9, (30) and Theorem 7.1] (i) Any homomorphism between bicategories
F : B → C induces a continuous cellular map BF : BB → BC. Thus, the classifying
space construction, C 7→ BC, defines a functor from the category of bicategories and
homomorphisms to CW-complexes.
(ii) If F, F ′ : B → C are two homomorphisms between bicategories, then any lax
(or oplax) transformation, F ⇒ F ′, canonically defines a homotopy between the
induced maps on classifying spaces, BF ≃ BF ′ : BB → BC.
(iii) If a homomorphism of bicategories has a left or right biadjoint, the map induced
on classifying spaces is a homotopy equivalence. In particular, any biequivalence of
bicategories induces a homotopy equivalence on classifying spaces.
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Fact 5.3. [9, Theorem 7.3] Suppose a category I is given. For every functor
F : Iop → Hom ⊂ Bicat, there exists a natural weak homotopy equivalence of
simplicial sets
hocolimI∆F
∼
−→ ∆
∫
IF ,
where hocolimI∆F is the homotopy colimit construction by Bousfield and Kan [6,
§XII] of the diagram of simplicial sets ∆F : Iop → Simpl.Set, obtained by com-
posing F with the geometric nerve functor ∆ : Hom→ Simpl.Set, and
∫
I
F is the
bicategory obtained by the Grothendieck construction on F .
In [32], Segal extended Milnor’s geometric realization process, S 7→ |S|, to sim-
plicial (compactly generated topological) spaces, which provides, for instance, the
notion of classifying spaces for simplicial bicategories F : ∆
op
→ Hom . By replac-
ing each bicategory Fp, p ≥ 0, by its classifying space BFp, one obtains a simplicial
space, [p] 7→ BFp, whose Segal realization is, by definition, the classifying space of
the simplicial bicategory. But note, as a consequence of Fact 5.1 and [31, Lemma
p.86], that there are homotopy equivalences
(43) |[p] 7→ BFp| ≃ |[p] 7→ |∆Fp|| ≃ |diag∆F|,
where diag∆F is the simplicial set diagonal of the bisimplicial set obtained by
composing the geometric nerve functor ∆ : Hom→ Simpl.Set with F , that is,
∆F : ([p], [q]) 7→ LaxFunc([q],Fp).
The above construction, for simplicial bicategories, leads to the more general
notion of classifying space for diagrams of bicategories: If F : Iop → Hom is a
functor, where I is any category, then one applies the so-called Borel construction,
obtaining the simplicial bicategory
EIF : ∆
op
→ Hom, [p] 7→
⊔
[p]
β
→I
Fβ0,
where the disjoint union is over all functors β : [p]→ I (i.e., the p-simplices of the
nerve NI = ∆I). The induced homomorphism by a map a : [q]→ [p], in ∆, applies
the bicategory component at β : [p] → I into the component at the composite
βa : [q]→ I, just by the homomorphism of bicategories
β∗0,a0 : Fβ0 → Fβa0
attached in diagram F : Iop → Hom at the morphism β0,a0 : βa0 → β0 of I.
Then, the classifying space of the diagram of bicategories F : Iop → Hom is the
classifying space, in the above sense, of the simplicial bicategory EIF . But note
that
diag∆EIF = hocolimI∆F ,
that is, the simplicial set
[p] 7→
⊔
[p]
β
→I
LaxFunc([p],Fβ0),
and therefore, by (43), the classifying space of F is homotopy equivalent to
|hocolimI∆F|,
the geometric realization of the homotopy colimit [6] of the simplicial set diagram
∆F : I
op
→ Simpl.Set, obtained by composing F with the geometric nerve functor
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∆ : Hom→ Simpl.Set. Since, for any simplicial bicategory F , we have a natural
weak homotopy equivalence of simplicial sets [6, XII, 4.3] hocolim∆∆F
∼
→ diag∆F ,
it follows that both constructions above for the classifying space of a simplicial
bicategory F : ∆
op
→ Hom coincide up to a natural homotopy equivalence.
Furthermore, the classifying space of any diagram F : Iop → Hom is homotopy
equivalent to the one of the bicategory obtained by the Grothendieck construction
on it,
∫
I
F , thanks to the existence of the natural homotopy equivalences
(44) |hocolimI∆F| ≃ |∆
∫
IF | ≃ B
∫
IF ,
by Facts 5.3 and 5.1 respectively. This suggests the following general definition for
lax diagrams of bicategories:
Definition 5.4. The classifying space of a lax I-diagram F : Iop → Bicat, de-
noted BF , is defined to be the classifying space of the bicategory obtained by the
Grothendieck construction on F .
So defined, the assignment F 7→ BF has the following basic properties:
Proposition 5.5. (i) If F ,G : Iop → Bicat are lax I-diagrams, then each lax
I-homomorphism F : F → G induces a continuous map BF : BF → BG.
(ii) Any pseudo I-transformation, F ⇒ G : F → G induces a homotopy BF ≃ BG.
(iii) For any lax I-diagram F , there is a homotopy B1F ≃ 1BF . For any pair of
composible lax I-homomorphisms F
F
→ G
G
→ H, there is a homotopy
BGBF ≃ B(GF ).
Proof. (i) As in (16), the lax I-homomorphism F : F → G defines the homomor-
phism of bicategories
∫
IF :
∫
I F →
∫
I G which, by Fact 5.2 (i), determines the
claimed cellular map BF : BF → BG.
(ii) As in (17), any pseudo I-transformation m : F ⇒ G gives rise to a pseudo-
transformation
∫
Im :
∫
IF ⇒
∫
IG , which, by Fact 5.2 (ii), determines a homotopy
BF ≃ BG.
(iii) The announced homotopies are respectively induced, from Fact 5.2 (i), (ii), by
the pseudo-natural equivalences (21) and (20). 
We have seen that for a diagram, that is, a functor, F : Iop → Hom, both
Borel and Grothendieck constructions lead to the same space BF , up to a natural
homotopy equivalence. Next, we show that the classifying space construction for
lax diagrams of bicategories is consistent with the so-called rectification process,
F 7→ F
r
, developed in Section 4. Recall that this process associates to any lax
diagram F : Iop → Bicat a genuine diagram F
r
: Iop → Hom ⊂ Bicat.
Proposition 5.6. Given F : Iop → Bicat any lax I-diagram of bicategories, the
lax I-homomorphism J : F → F
r
in Lemma 4.2 induces a homotopy equivalence
BJ : BF ≃−→ BF
r
.
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If F : F → G is any lax I-homomorphism between lax I-diagrams, then the
induced diagram below is homotopy commutative.
BF ≃
BJ //
BF

BF
r
BF
r

BG
BJ
//≃ BG
r
Proof. By Lemma 4.4 and Fact 5.2 (ii), the map BJ is homotopic to the induced
map Bj : BF → BF
r
by the homomorphism (34), j :
∫
I F →
∫
I F
r
, which, by
Proposition 4.5, has a left biadjoint and therefore induces a homotopy equivalence
on classifying spaces, by Fact 5.2 (iii). Hence, BJ is a homotopy equivalence.
For the square in the proposition, note that, by Proposition 5.5 (iii), there are ho-
motopies BF
r
BJ ≃ B(F
r
J) and BJ BF ≃ B(J F ). Since the pseudo I-equivalence
(32), m : F
r
J ⇒ JF , induces a homotopy B(F
r
J) ≃ B(JF ), by Proposition 5.5
(ii), the result follows. 
The following main theorem extends to lax diagrams of bicategories a well-known
result by Thomason [37, Corollary 3.3.1] for lax diagrams of categories:
Theorem 5.7. If F : F → G is a lax I-homomorphism between lax I-diagrams
F ,G : Iop → Bicat, such that the induced maps BFi : BFi → BGi are homotopy
equivalences, for all objects i of I, then the induced map BF : BF → BG is a
homotopy equivalence.
Proof. By Proposition 5.6 above, it suffices to prove that the induced map after
rectification BF
r
: BF
r
→ BG
r
is a homotopy equivalence. Let us recall from Sec-
tion 4 that both F
r
and G
r
are genuine diagrams of bicategories, that is, functors
Iop → Hom, and F
r
: F
r
→ G
r
is merely a natural transformation. Then, by the
natural homotopy equivalences (44), it will be enough to prove that the natural
transformation ∆F
r
between the functors ∆F
r
,∆G
r
: Iop → Simpl.Set, induces a
weak homotopy equivalence on the corresponding homotopy colimits
hocolimI∆F
r
: hocolimI∆F
r ∼
→ hocolimI∆G
r
.
For, let us observe that, for each object i of the category I, the square
BFi
≃
≃
BJi //
BFi

BF
r
i
BF
r
i

BGi
BJi
//≃ BG
r
i
is homotopy commutative because of the pseudo-natural equivalence (32) at i,
mi : F
r
i Ji ⇒ JiFi : Fi → G
r
i (see Fact 5.2 (i), (ii)). Moreover, both maps BJi in
the square are homotopy equivalences, since all the homomorphisms Ji have a
right biadjoint by Lemma 4.3 (see Fact 5.2(iii)). Since, by hypothesis, the map
BFi : BFi → BGi is also a homotopy equivalence, it follows that the remaining map
in the square has the same property, that is, the map BF
r
i : BF
r
i → BG
r
i is a homo-
topy equivalence. By taking into account Fact 5.1, the above means that, for every
object i of I, the induced simplicial map on geometric nerves ∆F
r
i : ∆F
r
i → ∆G
r
i
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is a weak homotopy equivalence, whence, by the Homotopy Lemma [6, XII, 4-2],
the result follows, that is, the simplicial map hocolimI∆F
r
is a weak homotopy
equivalence. 
For any lax diagram F : Iop → Bicat, the bicategory
∫
I
F assembles all bicate-
gories Fi in the following sense: There is a projection 2-functor q :
∫
I
F → I ,
(y, j)
(u, a)
((
(u′, a)
66⇓ (α, a) (x, i)
q
7→ j
a // i ,
and, for each object i of I, there is a commutative square
(45) Fi
ηi

// [0]
i
∫
I
F
q // I
where ηi : Fi →
∫
I
F is the embedding homomorphism described in (24).
Theorem 5.8. Suppose that F : I
op
→ Bicat is a lax I-diagram of bicategories
such that the induced map Ba∗ : BFi → BFj, for each morphism a : j → i in I, is
a homotopy equivalence. Then, for every object i of I, the square induced by (45)
(46) BFi //

⋆
i

BF // BI
is homotopy cartesian. Therefore, for each object x ∈ Fi , there is an induced long
exact sequence on homotopy groups relative to the base points x of BFi, (x, i) of
BF , and i of BI,
· · · → πn+1BI → πnBFi → πnBF → πnBI → · · · .
Proof. The square (45) is the composite of the squares
Fi
Ji //
ηiF

(a)
F
r
i
ηiF
r

//
(b)
[0]
i
∫
I
F
j //
∫
IF
r q // I
where, in (a), both horizontal homomorphisms Ji (31) and j (34) induce homotopy
equivalences on classifying spaces, by Lemma 4.3, Proposition 4.5, and Fact 5.2
(iii). Therefore, the induced square (46) is homotopy cartesian if and only if the one
induced by (b) is as well. But, recall that the rectification F
r
: I
op
→ Hom ⊂ Bicat
is a diagram, that is, a functor, and we have the natural homotopy equivalences
(44). Therefore, it will be enough to prove that the induced pullback square of
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spaces
BF
r
i
//

⋆
i

BEIF
r // BI
is homotopy cartesian, which is a consequence of Quillen’s Lemma [31, p. 90] (see
also [16, §IV, Lemma 5.7]). To verify the hypothesis, simply note that, for each
arrow a : j → i in I, the square
BFi
BJi //
Ba∗

BF
r
i
Ba∗
BFj
BJj // BF
r
j
is homotopy commutative thanks to the pseudo-transformation (33) and Fact 5.2
(ii). Since the horizontal induced maps BJi and BJj are both homotopy equiva-
lences by Lemma 4.3 and Fact 5.2 (iii), as well as the map Ba∗ : BFi → BFj ,by
hypothesis, we conclude that the map Ba∗ : BF
r
i → BF
r
j is also a homotopy equiv-
alence. 
6. Classifying spaces of Braided Monoidal Categories
Lax diagrams of bicategories form the foundation for the classifying spaces theory
of (small) tricategories: any tricategory T = (T ,⊗, I,a, l, r, π, µ, λ, ρ), as in [17],
has associated a pseudo-simplicial bicategory, called its nerve,
(47) NT = (NT , χ, ι, ω, γ, δ) : ∆
op
→ Bicat,
and the classifying space of the tricategory is the classifying space of its bicategorical
pseudo-simplicial nerve . Briefly, say that the bicategory of p-simplices of NT is
NpT =
⊔
(x0,...,xp)∈ObT p+1
T (x1, x0)× T (x2, x1)× · · · × T (xp, xp−1),
whose face and degeneracy homomorphisms are induced, following the formulas
(37), by the composition T (y, x)× T (z, y)
⊗
→ T (z, x) and unit Ix : 1 → T (x, x)
homomorphisms, respectively. If a : [q] → [p] is any map in ∆, then one writes
a = di1 · · · dissj1 · · · sjt , where 0 ≤ is < · · · < i1 ≤ p, 0 ≤ j1 < · · · < jt ≤ q, and
the induced homomorphism is a∗ = sjt · · · sj1dis · · · di1 : NTp → NTq. The pseudo
equivalences χ and ι arise from the associativity and unit constraints of T , while
the invertible modifications ω, γ and δ come from the structure modifications π,
µ, λ and ρ. However, to prove that NT is actually a pseudo-simplicial diagram of
bicategories is far from obvious and beyond the scope of this paper since a ‘superco-
herence theorem’ is needed. Instead, it will be the subject of an upcoming separate
publication specially dedicated to the study of classifying spaces of tricategories
and monoidal bicategories. Hence, we shall only treat here an interesting particu-
lar instance: the case of braided monoidal categories [24], which can be regarded as
one-object, one-arrow tricategories [17, Corollary 8.7].
We shall start by reviewing the notion of classifying space for a monoidal cate-
gory. A monoidal (tensor) category (M,⊗) = (M,⊗, I,a, l, r), [27], can be viewed
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as a bicategory
(48) Ω
−1
M
with only one object, say ∗, the objects u of M as 1-cells u : ∗ → ∗ and the mor-
phisms ofM as 2-cells. Thus, Ω
−1
M(∗, ∗) =M, and it is the horizontal composition
of morphisms and deformations given by the tensor functor ⊗ :M×M→M. The
identity at the object is 1∗ = I, the unit object of the monoidal category, and the
associativity, left unit and right unit constraints for Ω
−1
M are precisely those of the
monoidal category, that is, a, l and r, respectively.
The pseudo-simplicial nerve (36) of the bicategory Ω
−1
M, hereafter denoted
(49) N(M,⊗) : ∆
op
→ Cat, [p] 7→ Mp,
is exactly the pseudo-simplicial category that the monoidal category defines by the
reduced bar construction [23, Corollary 1.7], whose category of p-simplices is the
p-fold power of the underlying categoryM, and whose face and degeneracy functors
are induced by the tensorM×M
⊗
→M and unit I : 1→M functors, respectively,
following the familiar formulas (37) in analogy with those of the nerve of a monoid.
N(M,⊗) is called the pseudo-simplicial nerve of the monoidal category and its
classifying space BN(M,⊗) is the classifying space of the monoidal category (see
[23, §3], [22, Appendix], [7] or [3], for example), hereafter denoted by
(50) B(M,⊗).
Hence, the classifying space of a monoidal category (M,⊗) is the same as the
classifying space of Ω
−1
M, the one-object bicategory it defines. The observation,
due to Benabou [2], that monoidal categories are essentially the same as bicategories
with just one object is known as the delooping principle, and the bicategory Ω
−1
M
is called the delooping of the category induced by its monoidal structure [26, 2.10].
This term arises from the existence of a natural map
(51) BM→ ΩB(M,⊗),
where BM is the classifying space of the underlying category and ΩB(M,⊗) the
loop space based at the 0-cell of B(M,⊗), which is up to group completion a
homotopy equivalence (see [23, Propositions 3.5 and 3.8] or [7, Corollary 4], for
example).
A monoidal functor F : (M,⊗) → (M′,⊗) amounts precisely to a homomor-
phism Ω
−1
F : Ω
−1
M → Ω
−1
M′ between the corresponding delooping bicategories
and therefore, by Fact 5.2 (i), it induces a cellular map
B(F,⊗) : B(M,⊗)→ B(M′,⊗).
More precisely, B(F,⊗) is the induced on classifying spaces by the pseudo-simplicial
funtor NΩ
−1
F , hereafter denoted by
N(F,⊗) : N(M,⊗)→ N(M′,⊗), [p] 7→ F p :Mp →M′p,
whose structure natural isomorphisms siF∗ ∼= F∗si and diF∗ ∼= F∗di are those
canonically obtained from the invertible structure constraints of the monoidal func-
tor, F̂ : I ∼= F I and F̂ : F (αi)⊗F (αi+1) ∼= F (αi ⊗αi+1) (the commutativity of the
needed six coherence diagrams in [23] is clear).
Thus, the classifying space construction, (M,⊗) 7→ B(M,⊗), defines a functor
from monoidal categories to CW-complexes.
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We now consider the braided case. Recall from [17, Corollary 8.7] that a braided
monoidal category (M,⊗, c) = (M,⊗, I,a, l, r, c), [24, Definition 2.1], defines a
one-object, one-arrow tricategory. More precisely, following [4, 2.5], [26, 4.2] and
the categorical delooping principle, let
(52) Ω
−2
M
denote the tricategory with only one object, say ∗, only one arrow ∗ = 1∗ : ∗ → ∗,
the objects u of M as 2-cells u : ∗ → ∗ and the morphisms of M as 3-cells.
Thus, Ω
−2
M(∗, ∗) = Ω
−1
M, the delooping bicategory associated to the underlying
monoidal category (48), the composition is also (as the horizontal one in Ω
−1
M)
given by the tensor functor ⊗ :M×M→M and the interchange 3-cell between
the two different composites of 2-cells is given by the braiding c : u⊗ v → v ⊗ u.
Call this tricategory Ω
−2
M the double delooping of the underlying category M
associated to the given braided monoidal structure on it, and call its corresponding
bicategorical pseudo-simplicial nerve (47) the pseudo-simplicial nerve of the braided
monoidal category, hereafter denoted by N(M,⊗, c). Thus, it is given by
(53) N(M,⊗, c) : ∆
op
→ Bicat, [p] 7→ (Ω
−1
M)p,
and next we see that N(M,⊗, c) is actually a pseudo-simplicial bicategory.
Because of the braiding, the pseudo-simplicial nerve of the monoidal category,
N(M,⊗) : [p] 7→ Mp, is actually the underlying pseudo-simplicial category of the
pseudo-simplicial monoidal category,
[p] 7→ (Mp,⊗) = (M,⊗)p.
Indeed, this follows because the functors a∗ : (Mq,⊗)→ (Mp,⊗) and the structure
natural isomorphisms χ : b∗a∗ ∼= (ab)∗ are monoidal (it suffices to observe the
monoidal structure for the face and degeneracy functors (37) and also for the natural
isomorphisms (38) and (39), which can be respectively deduced from Propositions
5.2 and 5.1 in [24]).
Then we have that N(M,⊗, c) is just the pseudo-simplicial bicategory obtained
as the composite
∆
op
(N(M,⊗),⊗)
//MonCat
Ω
−1
// Bicat .
[p]
 // (Mp,⊗)  // Ω
−1
Mp
Hence, N(M,⊗, c) is actually a pseudo-simplicial diagram of one-object bicat-
egories (with the structure modifications ω, γ, and δ all being identities) and,
following the general Definition 5.4, we give the following:
Definition 6.1. The classifying space of the braided monoidal category, denoted by
(54) B(M,⊗, c),
is defined to be the classifying space of its pseudo-simplicial nerve (53).
Remark 6.2. By replacing each delooping bicategory Ω
−1
Mp by its pseudo sim-
plicial nerve (36), that is, by the nerve (49) of the monoidal category (Mp,⊗), the
pseudo-simplicial nerve of the braided monoidal category (53) determines a pseudo
bisimplicial category ∆
op
×∆
op
→ Cat, ([p], [q]) 7→ Mpq, which (for (M,⊗) strict)
is taken in [3] to construct the double delooping space of BM.
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The basic properties of the classifying space construction for braided monoidal
categories can be stated as follows:
Proposition 6.3. (i) Any braided monoidal functor between braided monoidal cat-
egories, F : (M,⊗, c) → (M′,⊗, c), induces a continuous map between the corre-
sponding classifying spaces,
B(F,⊗, c) : B(M,⊗, c)→ B(M′,⊗, c).
Therefore, the classifying space construction, (M,⊗, c) 7→ B(M,⊗, c), defines a
functor from the category of braided monoidal categories to CW-complexes.
(ii) If two braided monoidal functors F, F ′ : (M,⊗, c)→ (M′,⊗, c) are related by
a monoidal transformation F ⇒ F ′, then the induced maps on classifying spaces,
B(F,⊗, c) and B(F ′,⊗, c), are homotopic.
(iii) If F : (M,⊗, c)
∼
→ (M′,⊗, c) is a braided monoidal equivalence, then the
induced map on classifying spaces B(F,⊗, c) : B(M,⊗, c)
∼
→ B(M′,⊗, c) is a ho-
motopy equivalence.
(iv) If F : (M,⊗, c) → (M′,⊗, c) is a braided monoidal functor such that the
underlying functor induces a homotopy equivalence BF : BM
∼
→ BM′, then the
induced map B(F,⊗, c) : B(M,⊗, c)
∼
→ B(M′,⊗, c) is a homotopy equivalence (as
is also the induced map between the classifying spaces of the underlying monoidal
categories, B(F,⊗) : B(M,⊗)
∼
→ B(M′,⊗)).
Proof. (i) If F : (M,⊗, c) → (M′,⊗, c) is any braided monoidal functor, then
the pseudo-simplicial functor N(F,⊗) : N(M,⊗) → N(M′,⊗) underlies a pseudo-
simplicial monoidal functor
N(F,⊗) : (N(M,⊗),⊗)→ (N(M′,⊗),⊗);
that is, every functor F p : (Mp,⊗) → (M′p,⊗) is monoidal and, moreover, every
natural isomorphism F pa∗ ∼= a∗F q, for any a : [q]→ [p] in ∆, is monoidal (it suffices
to prove this for the natural isomorphisms siF
p ∼= F p+1si and diF
p ∼= F p−1di,
which it is straightforward).
Hence, we have a pseudo-simplicial homomorphism of pseudo-simplicial bicate-
gories Ω
−1
N(F,⊗) (with the structure modifications Π and Γ all being identities),
hereafter denoted by
N(F,⊗, c) : N(M,⊗, c)→ N(M′,⊗, c),
which, by Proposition 5.5 (i), gives the claimed cellular map
B(F,⊗, c) : B(M,⊗, c)→ B(M′,⊗, c).
Following now the proof of part (iii) in Proposition 5.5, we see that the classi-
fying space construction defines a functor from the category of braided monoidal
categories to the category of spaces: for (M,⊗, c)
F
→ (M′,⊗, c)
G
→ (M′′,⊗, c), any
two composable braided monoidal functors, the equality∫
∆
N(G,⊗, c)
∫
∆
N(F,⊗, c) =
∫
∆
N(GF,⊗, c)
holds (and the corresponding pseudo-natural equivalence (20) is an identity), whence
the equality B(G,⊗, c)B(F,⊗, c) = B(GF,⊗, c) follows from Fact 5.2 (i). Analo-
gously, the equality B1(M,⊗,c) = 1B(M,⊗,c) holds since the pseudo-natural equiva-
lence (21) at any N(M,⊗, c) is an identity.
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(ii) Any monoidal transformation, m : F ⇒ F ′, between monoidal functors
F, F ′ : (M,⊗)→ (M′,⊗), gives rise to a pseudo-simplicial transformation
N(m,⊗) : N(F,⊗)⇒ N(F ′,⊗) : N(M,⊗)→ N(M′,⊗),
where
Np(m,⊗) = m
p : F p ⇒ F ′p :Mp →M′p
(see [23, p.125]). When both F and F ′ are braided between braided monoidal cate-
gories (M,⊗, c) and (M′,⊗, c), then everymp : F p ⇒ F ′p : (Mp,⊗)→ (M′p,⊗) is
monoidal and N(m,⊗) becomes a pseudo-simplicial monoidal transformation giving
rise to a pseudo-transformation of pseudo-simplicial homomorphisms of bicategories
Ω
−1
N(m,⊗) : N(F,⊗, c)⇒ N(F ′,⊗, c) : N(M,⊗, c)→ N(M′,⊗, c),
whence the result follows from part (ii) of Proposition 5.5.
(iii) It is a consequence of parts (i) and (ii) (and also of part (iv)) .
(iv) Since, for any p ≥ 0, the induced map BF p : BMp → BM′p is a ho-
motopy equivalence, Thomason’s theorem [37, Corollary 3.3.1] means that the
pseudo-simplicial functor N(F,⊗) : N(M,⊗) → N(M′,⊗) induces a homotopy
equivalence on classifying spaces, B(F,⊗) : B(M,⊗)
∼
→ B(M′,⊗). Then, each map
B(F p,⊗) : B(Mp,⊗)
∼
→ B(M′p,⊗) is also a homotopy equivalence whence, by The-
orem 5.7, the pseudo-simplicial homomorphism of bicategories N(F,⊗, c) induces a
homotopy equivalence B(F,⊗, c) : B(M,⊗, c)
∼
→ B(M′,⊗, c), as claimed. 
Returning to the monoidal case, if (M,⊗) is any given monoidal category, then
the delooping bicategory Ω
−1
M has a corresponding unitary geometric nerve (40),
∆
u
Ω
−1
M. But, hereafter, we shall follow the terminology of [11, §4] and [10, Def-
inition 4.1], where a 2-cocycle of a (small) category I in the monoidal category
(M,⊗) is defined as a normal lax functor I → Ω
−1
M. Therefore, such a 2-cocycle
is a system of data
ξ : I → (M,⊗)
consisting of an object ξσ ∈ M for each arrow σ : j → i in I and of a morphism
ξσ,τ : ξσ ⊗ ξτ → ξστ for each pair of composible arrows in I, k
τ
→ j
σ
→ i, such that,
for any three composable arrows in I, l
γ
→ k
τ
→ j
σ
→ i, the diagram in M
ξσ ⊗ (ξτ ⊗ ξγ)
a //
1⊗ ξτ,γ

(ξσ ⊗ ξτ )⊗ ξγ
ξσ,τ ⊗ 1

ξσ ⊗ ξτγ
ξσ,τγ // ξστγ ξστ ⊗ ξγ
ξστ,γoo
is commutative, ξ1 = I, ξ1,σ = l : I ⊗ ξσ → ξσ, and ξσ,1 = r : ξσ ⊗ I → ξσ.
These 2-cocycles of I in (M,⊗) form the set, denoted by
Z2(I, (M,⊗)),
and they are the objects of a category
(55) Z2
cat
(I, (M,⊗)),
where a morphism f : ξ → ξ′ consists of a family of morphisms fσ : ξσ → ξ
′
σ in
M, one for each arrow σ : j → i in I, such that f1 = 1I and for any two arrows
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k
τ
→ j
σ
→ i the following square commutes:
ξσ ⊗ ξτ
ξσ,τ //
fσ ⊗ fτ

ξστ
fστ

ξ′σ ⊗ ξ
′
τ
ξ′σ,τ // ξ′στ .
We should note that the category Z2
cat
(I, (M,⊗)) is a subbicategory of the bi-
category Lax(I,Ω
−1
M), defined in [36, p. 569]. Namely, that subbicategory given
by the normal lax functors and those lax transformations and modifications whose
components at any objects are identities.
The geometric nerve of the monoidal category (M,⊗), [7], is then the simplicial
set (∼= ∆
u
Ω
−1
M)
(56) Z2(M,⊗) : ∆
op
→ Set, [p] 7→ Z2([p], (M,⊗)).
And this is the simplicial set of objects of the categorical geometric nerve of the
monoidal category, that is, the simplicial category
(57) Z2
cat
(M,⊗) : ∆
op
→ Cat, [p] 7→ Z2
cat
([p], (M,⊗)).
This geometric nerve Z2(M,⊗) is a 3-coskeletal reduced (1-vertex) simplicial
set whose simplices have the following simplified interpretation: the 1-simplices are
the objects ξ0,1 of M and, for p ≥ 2, the p-simplices are families of morphisms
ξi,j,k : ξi,j ⊗ ξj,k → ξi,k,
0 ≤ i < j < k ≤ p, making commutative the diagrams
(ξi,j ⊗ ξj,k)⊗ ξk,l
a //
ξi,j,k ⊗ 1

ξi,j ⊗ (ξj,k ⊗ ξk,l)
1⊗ ξj,k,l

ξi,k ⊗ ξk,l
ξi,k,l // ξi,l ξi,j ⊗ ξj,l
ξi,j,loo
for 0 ≤ i < j < k < l ≤ p.
There is a pseudo-simplicial functor [7, p. 325]
(58) ( )e : N(M,⊗)→ Z2
cat
(M,⊗),
taking an object X = (X1, . . . , Xp) ∈ Np(M,⊗) =M
p to the 2-cocycle
(59) Xe : [p]→ (M,⊗),
with Xei,i+1 = Xi+1 and, inductively, X
e
i,j+1 = X
e
i,j ⊗ Xj+1. The morphisms
Xei,j,j+1 : X
e
i,j ⊗ X
e
j,j+1 → X
e
i,j+1 are all identities, and the remaining morphisms
Xei,j,k+1 : X
e
i,j ⊗X
e
j,k+1 → X
e
i,k+1 are inductively determined by the associativity
constraints of M, through the commutative diagrams
(Xei,j ⊗X
e
j,k)⊗X
e
k,k+1
a

Xei,j,k ⊗ 1 // Xei,k ⊗X
e
k,k+1
Xei,j ⊗X
e
j,k+1
Xei,j,k+1 // Xei,k+1 .
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Further, the functor ( )e on a morphism F = (F1, . . . , Fp) : X → Y in M
p is the
2-cocycle morphism F e : Xe → Y e, inductively given by
F ei,j+1 =

Fi+1 if j = i,
F ei,j ⊗ Fj+1 if j > i.
For any map a : [q] → [p] in the simplicial category, the natural isomorphisms
(a∗X)e ∼= a∗(Xe) are canonically induced by the associativity and unit constraints
a, l, and r of the monoidal category.
The main purpose in [7] (cf. Fact 5.1) was to prove the following:
Fact 6.4. For any monoidal category (M,⊗), both ( )e : N(M,⊗) → Z2
cat
(M,⊗)
and the inclusion Z2(M,⊗)→ Z2
cat
(M,⊗) induce homotopy equivalences on classi-
fying spaces. In particular, there is a homotopy equivalence
B(M,⊗) ≃ |Z2(M,⊗)|.
Going further towards the braided case, we shall start with the following obser-
vation:
Lemma 6.5. Let (M,⊗, c) be a braided monoidal category.
(i) For any small category I, the category of 2-cocycles Z2
cat
(I, (M,⊗)), (55), has
a natural monoidal structure. The tensor product ξ′⊗ ξ of 2-cocycles is given by
putting (ξ′⊗ ξ)σ = ξ
′
σ ⊗ ξσ, and (ξ
′⊗ ξ)σ,τ is the composite dotted arrow in the
diagram
(ξ′σ ⊗ ξσ)⊗ (ξ
′
τ ⊗ ξτ )
(ξ′ ⊗ ξ)σ.τ //
∼=

ξ′στ ⊗ ξστ
(ξ′σ ⊗ (ξσ ⊗ ξ
′
τ ))⊗ ξτ
((QQ
QQQ
QQQ
QQQ
QQ
(1 ⊗ c)⊗ 1
(ξ′σ ⊗ ξ
′
τ )⊗ (ξσ ⊗ ξτ )
ξ′σ,τ ⊗ ξσ,τ
OO
(ξ′σ ⊗ (ξ
′
τ ⊗ ξσ))⊗ ξτ
∼=
66mmmmmmmmmmmmm
where the arrows labeled with ∼= are (iterated) isomorphisms of associativity. The
tensor product of morphisms f ′ and f is f ′⊗ f , where (f ′ ⊗ f)σ = f
′
σ ⊗ fσ. The
unit object is the trivial 2-cocycle, denoted by I0, which is defined by the equalities
(I0)σ = I and (I0)σ,τ = l = r : I⊗ I→ I. The associativity and identity constraints
of (M,⊗) yield associativity and identity constraints in Z2
cat
(I, (M,⊗)).
(ii) The categorical geometric nerve of the underlying monoidal category (57) un-
derlies the simplicial monoidal category
(Z2
cat
(M,⊗),⊗) : ∆
op
→MonCat, [p] 7→ (Z2
cat
([p], (M,⊗)),⊗).
(iii) The pseudo-simplicial functor (58), is actually a pseudo-simplicial monoidal
functor
( )e : (N(M,⊗),⊗)→ (Z2
cat
(M,⊗),⊗).
If Y = (Y1, . . . , Yp) and X = (X1, . . . , Xp) are in M
p, then the structure isomor-
phism Φ : Y e⊗Xe → (Y⊗X)e is as follows: Φi,i+1 = 1 : Yi+1⊗Xi+1 → Yi+1⊗Xi+1
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and, for 0 ≤ i < j < p, Φi,j+1 is inductively defined as the composite dotted arrow
(Y ei,j ⊗ Yj+1)⊗ (X
e
i,j ⊗Xj+1)
Φi,j+1 //
∼=

(Y ⊗X)ei,j ⊗ (Yj+1 ⊗Xj+1)
(Y ei,j ⊗ (Yj+1 ⊗X
e
i,j))⊗Xj+1
((PP
PPP
PPP
PPP
PP
(1 ⊗ c)⊗ 1
(Y ei,j ⊗X
e
i,j)⊗ (Yj+1 ⊗Xj+1)
Φi,j ⊗ 1
OO
(Y ei,j ⊗ (X
e
i,j ⊗ Yj+1))⊗Xj+1
∼=
66nnnnnnnnnnnnn
The structure isomorphism (I, . . . , I)e → I0 is given by the canonical isomorphism
in M, (· · · (· · · ⊗ I)⊗ I)⊗ I ∼= I.
(iv) There is an induced pseudo-simplicial homomorphism
(60) Ω
−1
( )e : N(M,⊗, c)→ Ω
−1
Z2
cat
(M,⊗).
Next, again following [11, §4], where a 3-cocycle of a category I in a braided
monoidal category (M,⊗, c) is defined to be a normal lax functor I → Ω
−2
M, [17,
Definition 3.1], we establish the following:
Definition 6.6. Let (M,⊗, c) be a braided monoidal category. For any given small
category I, a 3-cocycle
λ : I → (M,⊗, c)
is a system of data consisting of:
- for each two composible arrows in I, k
τ
→ j
σ
→ i, an object λσ,τ ∈M,
- for each triplet of composible arrows in I, l
γ
→ k
τ
→ j
σ
→ i, a morphism in M
λτ,γ ⊗ λσ,τγ
λσ,τ,γ // λσ,τ ⊗ λστ,γ ,
such that, for any four composible arrows in I, m
δ
→ l
γ
→ k
τ
→ j
σ
→ i, the following
diagram in M commutes
(λγ,δ ⊗ λτ,γδ)⊗ λσ,τγδ
λτ,γ,δ ⊗ 1

a(1⊗ λσ,τ,γδ)a
−1
// (λγ,δ ⊗ λσ,τ )⊗ λστ,γδ
c⊗ 1

(λτ,γ ⊗ λτγ,δ)⊗ λσ,τγδ
(1⊗ λσ,τγ,δ)a

(λσ,τ ⊗ λγ,δ)⊗ λσ,τγδ
(1⊗ λστ,γ,δ)a

λτ,γ ⊗ (λσ,τγ ⊗ λστγ,δ)
a
−1(λσ,τ,γ ⊗ 1)a // λσ,τ ⊗ (λστ,γ ⊗ λστγ,δ)
and, moreover, the following equalities hold: λ1,σ = I = λσ,1, λ1,σ,τ = cI,λσ,τ ,
λσ,1,τ = 1 and λσ,τ,1 = cλσ,τ ,I .
The 3-cocycles of I in the braided monoidal category (M,⊗, c) form the set,
denoted by
Z3(I, (M,⊗, c)),
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which is the set of objects of a bicategory
Z3
bicat
(I, (M,⊗, c)),
whose 1-cells ξ : λ→ λ′ consist of pairs of maps assigning
- to each arrow σ : j → i in I, an object ξσ ∈M,
- to each pair of composible arrows in I, k
τ
→ j
σ
→ i, a morphism in M
(ξσ ⊗ ξτ )⊗ λσ,τ
ξσ,τ // λ′σ,τ ⊗ ξστ ,
such that, for any three composible arrows in I, l
γ
→ k
τ
→ j
σ
→ i, the diagram below
(where we have omitted the associativity constraints) is commutative
ξσ ⊗ ξτ ⊗ ξγ ⊗ λτ,γ ⊗ λσ,τγ
1⊗ ξτ,γ ⊗ 1 //
1⊗ λσ,τ,γ

ξσ ⊗ λ
′
τ,γ ⊗ ξτγ ⊗ λσ,τγ
c⊗ 1

ξσ ⊗ ξτ ⊗ ξγ ⊗⊗λσ,τ ⊗ λστ,γ
1⊗ c⊗ 1

λ′τ,γ ⊗ ξσ ⊗ ξτγ ⊗ λσ,τγ
1⊗ ξσ,τγ

ξσ ⊗ ξτ ⊗ λσ,τ ⊗ ξγ ⊗ λστ,γ
ξσ,τ ⊗ 1

λ′τ,γ ⊗ λ
′
σ,τγ ⊗ ξστγ
λ′σ,τ,γ ⊗ 1

λ′σ,τ ⊗ ξστ ⊗ ξγ ⊗ λστ,γ
1⊗ ξστ,γ // λ′σ,τ ⊗ λ
′
στ,γ ⊗ ξστγ ,
moreover, ξ1k = I and, for every arrow τ : k → l, the squares below commute.
(I ⊗ ξτ )⊗ I
ξ1,τ //
l⊗ 1

I ⊗ ξτ
l

(ξτ ⊗ I)⊗ I
ξτ,1oo
r ⊗ 1

ξτ ⊗ I
r // ξτ ξτ ⊗ I
roo
A 2-cell f : ξ ⇒ ξ′, for ξ, ξ′ : λ → λ′ 1-cells, consists of a family of morphisms
fσ : ξσ → ξ
′
σ inM, one for each arrow σ : j → i in I, such that f1 = 1I and for any
two arrows k
τ
→ j
σ
→ i the following square commutes:
(ξσ ⊗ ξτ )⊗ λσ,τ
ξσ,τ //
(fσ ⊗ fτ )⊗ 1

λ′σ,τ ⊗ ξστ
1⊗ fστ

(ξ′σ ⊗ ξ
′
τ )⊗ λσ,τ
ξ′σ,τ // λ′σ,τ ⊗ ξ
′
στ .
The vertical composition of 2-cells in Z3
bicat
(I, (M,⊗, c)) is defined by pointwise
composition in M.
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The horizontal composition of 1-cells ξ : λ→ λ′ and ξ′ : λ′ → λ′′ is ξ′⊗ξ : λ→ λ′′,
where (ξ′⊗ξ)σ = ξ
′
σ⊗ξσ and (ξ
′⊗ξ)σ,τ is the composite dotted arrow in the diagram
((ξ′σ ⊗ ξσ)⊗ (ξ
′
τ ⊗ ξτ ))⊗ λσ,τ
∼=

(ξ′⊗ ξ)σ,τ // λ′′σ,τ ⊗ (ξ
′
στ ⊗ ξστ )
((ξ′σ ⊗ (ξσ ⊗ ξ
′
τ ))⊗ ξτ )⊗ λσ,τ
1⊗ c⊗ 1⊗ 1

(λ′′σ,τ ⊗ ξ
′
στ )⊗ ξστ
∼=
OO
((ξ′σ ⊗ (ξ
′
τ ⊗ ξσ))⊗ ξτ )⊗ λσ,τ
∼=

((ξ′σ ⊗ ξ
′
τ )⊗ λ
′
σ,τ )⊗ ξστ
ξ′σ,τ ⊗ 1
OO
(ξ′σ ⊗ ξ
′
τ )⊗ ((ξσ ⊗ ξτ )⊗ λσ,τ )
1⊗ ξσ,τ // (ξ′σ ⊗ ξ
′
τ )⊗ (λ
′
σ,τ ⊗ ξστ ),
∼=
OO
and the horizontal composition of 2-cells f ′ and f is f ′⊗f where (f ′⊗f)σ = f
′
σ⊗fσ,
for each arrow σ in I.
The identity 1-cell of a 3-cocycle is 1 : λ → λ, where 1σ = I for all σ in I, and
each morphism 1σ,τ is determined by the commutativity of the square
(I⊗ I)⊗ λσ,τ
1σ,τ //
r ⊗ 1

λσ,τ ⊗ I
r

I⊗ λσ,τ
l // λσ,τ .
The associativity and identity constraints in Z3
bicat
(I, (M,⊗, c)) are directly ob-
tained from associativity and identity constraints of the braided monoidal category.
The bicategory Z3
bicat
(I, (M,⊗, c)) is pointed by the trivial 3-cocycle, denoted by
I0, which is defined by the equalities (I0)σ,τ = I and (I0)σ,τ,γ = 1 : I⊗ I→ I⊗ I.
We should note that, for any given category I and braided monoidal category
(M,⊗, c), there is a tricategory Lax(I,Ω
−2
M) whose objects are lax functors,
whose 1-cells are lax transformations, whose 2-cells are lax modifications and whose
3-cells are perturbations. Similarly as the category of 2-cocycles Z2
cat
(I, (M,⊗)) is a
subbicategory of Lax(I,Ω
−1
M), our bicategory Z3
bicat
(I, (M,⊗, c)) introduced above
is precisely the subtricategory of Lax(I,Ω
−2
M) given by the normal lax functors and
those lax transformations, lax modifications and perturbations whose components
at any objects are identities.
Both constructions Z3(I, (M,⊗, c)) and Z3
bicat
(I, (M,⊗, c)) are functorial on I,
and they lead to the following definition of geometric nerves for braided monoidal
categories:
Definition 6.7. The geometric nerve of a braided monoidal category (M,⊗, c) is
the simplicial set
(61) Z3(M,⊗, c) : ∆
op
→ Set, [p] 7→ Z3([p], (M,⊗, c)).
This is the simplicial set of objects of the simplicial bicategory
(62) Z3
bicat
(M,⊗, c) : ∆
op
→ Hom ⊂ Bicat, [p] 7→ Z3
bicat
([p], (M,⊗, c)),
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which is called the bicategorical geometric nerve of the braided monoidal category.
Remark 6.8. The geometric nerve Z3(M,⊗, c) is a 4-coskeletal 1-reduced (one
vertex, one 1-simplex) simplicial set whose 2-simplices are the objects λ0,1,2 of M
and, for p ≥ 3, the p-simplices are families of morphisms
λi,j,k,l : λj,k,l ⊗ λi,j,l → λi,j,k ⊗ λi,k,l,
0 ≤ i < j < k < l ≤ p, making commutative, for 0 ≤ i < j < k < l < m ≤ p, the
diagrams
(λk,l,m ⊗ λj,k,m)⊗ λi,j,m
λj,k,l,m ⊗ 1

a(1⊗ λi,j,k,m)a
−1
// (λk,l,m ⊗ λi,j,k)⊗ λi,k,m
c⊗ 1

(λj,k,l ⊗ λj,l,m)⊗ λi,j,m
(1⊗ λi,j,l,m)a

(λi,j,k ⊗ λk,l,m)⊗ λi,j,m
(1⊗ λi,k,l,m)a

λj,k,l ⊗ (λi,j,l ⊗ λi,l,m)
a
−1(λi,j,k,l ⊗ 1)a // λi,j,k ⊗ (λi,k,l ⊗ λi,l,m).
If ∗ is any object of a bicategory C, then C(∗, ∗) becomes a monoidal category
and there is a bicategorical embedding Ω
−1
C(∗, ∗) →֒ C. Since, for any braided
monoidal category (M,⊗, c) and category I, there is a quite an obvious monoidal
isomorphism
(Z2
cat
(I, (M,⊗)),⊗) ∼= Z3
bicat
(I, (M,⊗, c))(I0, I0),
we have a natural (‘suspension’) homomorphism of bicategories
S : Ω
−1
Z2
cat
(I, (M,⊗)) →֒ Z3
bicat
(I, (M,⊗, c)),
that is defined as the composite
Ω
−1
Z2
cat
(I, (M,⊗)) ∼= Ω
−1
Z3
bicat
(I, (M,⊗, c))(I0, I0) →֒ Z
3
bicat
(I, (M,⊗, c)).
Hence, we have a simplicial homomorphism of simplicial bicategories
S : Ω
−1
Z2
cat
(M,⊗)→ Z3
bicat
(M,⊗, c),
whose composition with (60) defines the pseudo-simplicial homomorphism
(63) E : N(M,⊗, c)→ Z3
bicat
(M,⊗, c),
which, at each label p ≥ 0, is so given by the commutative square
Ω
−1
Mp
Ep //
Ω
−1
( )e

Z3
bicat
([p], (M,⊗, c))
Ω
−1
Z2
cat
([p], (M,⊗))
∼= // Ω
−1
Z3
bicat
([p], (M,⊗, c))(I0, I0).
?
OO
Next Theorem 6.9 below states that this pseudo-simplicial homomorphism (63)
induces a homotopy equivalence on classifying spaces so that the simplicial bicate-
gory Z3
bicat
(M,⊗, c), the bicategorical geometric nerve, models the homotopy type
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of the braided monoidal category and it can be thought of as a ‘rectification’ of the
pseudo-simplicial nerve N(M,⊗, c).
Theorem 6.9. For any braided monoidal category (M,⊗, c), the pseudo-simplicial
homomorphism E : N(M,⊗, c) → Z3
bicat
(M,⊗, c) induces a homotopy equivalence
on classifying spaces. Thus,
B(M,⊗, c) ≃ BZ3
bicat
(M,⊗, c).
Proof. In view of Theorem 5.7, it is sufficient to prove that every homomorphism
of bicategories En : Ω
−1
Mn → Z3
bicat
([n], (M,⊗, c)) induces a homotopy equivalence
on classifying spaces. The result is clear for n = 0, since E0 is merely the ob-
vious isomorphism between the two unit (i.e., with only one 2-cell) bicategories.
For n = 1, since the trivial 3-cocycle I0 is the unique object of the bicategory
Z3
bicat
([1], (M,⊗, c)), it is easy to see that E1 is actually an isomorphism of bicate-
gories with an inverse isomorphism
(64) P1 : Z
3
bicat
([1], (M,⊗, c))
∼=
−→ Ω
−1
M,
defined by
P1 : I0 ⇓f I0
ξ
{{
ξ′
ff 7→ ∗ ↓f0,1 ∗.
ξ0,1
||
ξ′0,1
ee
Now, for n ≥ 2, our discussion uses the so-called Segal projections (see [33,
Definition 1.2]) that, on our simplicial bicategory Z3
bicat
(M,⊗, c), give the homo-
morphisms
Pn : Z
3
bicat
([n], (M,⊗, c)) −→ Ω
−1
Mn
defined by the commutative triangles
(65) Z3
bicat
([n], (M,⊗, c))
Pn //
))SSS
SSS
SSS
SSS
SS
n∏
k=1
d0 · · · dk−2dk+1 · · · dn
Ω
−1
Mn.
Z3
bicat
([1], (M,⊗, c))n
∼=
Pn1
77nnnnnnnnnnnn
That is,
Pn : λ ⇓f λ′
ξ
||
ξ′
bb 7→ ∗ ↓(f0,1, . . . , fn−1,n) ∗.
(ξ0,1, . . . , ξn−1,n)
xx
(ξ′0,1, . . . , ξ
′
n−1,n)
hh
For any n ≥ 2, we have the equality PnEn = 1 and, moreover, there is a oplax
transformation,
Ψ : 1⇒ EnPn : Z
3
bicat
([n], (M,⊗, c))→ Z3
bicat
([n], (M,⊗, c)),
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whose component at a 3-cocycle λ : [n] → (M,⊗, c) is the 3-cocycle morphism
Ψλ = ψ : λ→ I0, where the objects ψi,j ofM, for i < j, are inductively determined
by the equalities
ψi,j+1 =
{
I if i = j,
ψi,j ⊗ λi,j,j+1 if i < j,
and the morphisms ψi,j,k : (ψi,j ⊗ ψj,k) ⊗ λi,j,k → I⊗ ψi,k, for i < j < k, are also
inductively defined as follows: each morphism ψi,j,j+1 is the canonical isomorphism
making commutative the triangle
(ψi,j ⊗ I)⊗ λi,j,j+1
ψi,j,j+1 //
r ⊗ 1
∼=
))SSS
SSSS
S
I⊗ (ψi,j ⊗ λi,j,j+1)
l
∼=
uukkkk
kkkk
ψi,j ⊗ λi,j,j+1
and each morphism ψi,j,k+1 is obtained from the morphism ψi,j,k as the composite
dotted arrow
(ψi,j ⊗ (ψj,k ⊗ λj,k,k+1))⊗ λi,j,k+1
∼=

ψi,j,k+1 // I⊗ (ψi,k ⊗ λi,k,k+1)
(ψi,j ⊗ ψj,k)⊗ (λj,k,k+1 ⊗ λi,j,k+1)
1⊗ λi,j,k,k+1

(I⊗ ψi,k)⊗ λi,k,k+1
∼=
OO
(ψi,j ⊗ ψj,k)⊗ (λi,j,k ⊗ λi,k,k+1)
∼= // ((ψi,j ⊗ ψj,k)⊗ λi,j,k)⊗ λi,k,k+1.
ψi,j,k
OO
The component of Ψ at a 3-cocycle morphism ξ : λ → λ′ is the 2-cell in the
bicategory Z3
bicat
([n], (M,⊗, c))
λ
ψ

ξ //
Ψ̂
⇒
λ′
ψ′

I0
Ω
−1
Xe
// I0
where ψ = Ψλ, ψ′ = Ψλ′, X = Pnξ = (ξ0,1, . . . , ξn−1,n), and X
e are given as in
(59), defined by the morphisms Ψ̂i,j : X
e
i,j⊗ψi,j → ψ
′
i,j⊗ξi,j inductively obtained as
follows: each morphism Ψ̂i,i+1 is the canonical isomorphism making commutative
the triangle
ξi,i+1 ⊗ I
r
∼=
((QQQ
QQQ
Q
Ψ̂i,i+1 // I⊗ ξi,i+1
l
∼=
vvmmmm
mmm
ξi,i+1
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and each morphism Ψ̂i,j+1 is obtained from the morphism Ψ̂i,j as the composite
dotted arrow in the diagram below.
(Xei,j ⊗ ξj,j+1)⊗ (ψi,j ⊗ λi,j,j+1)
∼=

Ψ̂i,j+1 // (ψ′i,j ⊗ λ
′
i,j,j+1)⊗ ξi,j+1
(Xei,j ⊗ (ξj,j+1 ⊗ ψi,j))⊗ λi,j,j+1
(1⊗ c)⊗ 1

ψ′i,j ⊗ (λ
′
i,j,j+1 ⊗ ξi,j+1)
∼=
OO
(Xei,j ⊗ (ψi,j ⊗ ξj,j+1))⊗ λi,j,j+1
∼=

ψ′i,j ⊗ ((ξi,j ⊗ ξj,j+1)⊗ λi,j,j+1)
1⊗ ξi,j,j+1
OO
((Xei,j ⊗ ψi,j)⊗ ξj,j+1)⊗ λi,j,j+1
(Ψ̂i,j ⊗ 1)⊗ 1 // ((ψ′i,j ⊗ ξi,j)⊗ ξj,j+1)⊗ λi,j,j+1
∼=
OO
Hence, by Fact 5.2 (ii), every induced map
BEn : B(M,⊗)
n → BZ3
bicat
([n], (M,⊗, c)),
is a homotopy equivalence (with BPn : BZ
3
bicat
([n], (M,⊗, c)) → B(M,⊗)n as a
homotopy-inverse) and therefore the induced map BE : B(M,⊗, c)→ BZ3
bicat
(M,⊗, c)
is also a homotopy equivalence by Theorem 5.7. 
As we show below, Theorem 6.9 implies a new proof of a relevant fact: The
classifying space of the underlying category of a braided monoidal category is, up
to group completion, a double-loop space [34, 13, 3, 4]. Recall that the loop space
of the classifying space of a monoidal category ΩB(M,⊗) is a group completion of
BM, the classifying space of the underlying category; that is, there is a homotopy
natural map (51), BM→ ΩB(M,⊗), which is, up to group completion, a homotopy
equivalence.
Theorem 6.10. For any braided monoidal category (M,⊗, c) there is a natural
homotopy equivalence
B(M,⊗) ≃ ΩB(M,⊗, c).
Therefore, the double-loop space Ω2B(M,⊗, c) is homotopy equivalent to the group
completion of BM.
Proof. By Theorem 6.9, B(M,⊗, c) is homotopy equivalent to BZ3
bicat
(M,⊗, c), the
classifying space of the simplicial bicategory [n] 7→ Z3
bicat
([n], (M,⊗, c)), which, by
the homotopy equivalences (44), is itself homotopy equivalent to the realization |X |
of the simplicial space X : [n] 7→ BZ3
bicat
([n], (M,⊗, c)).
Now, observe that: 1) the space X0 is a one-point set; 2) the Segal projection
maps pn =
n∏
k=1
d0 · · · dk−2dk+1 · · · dn : Xn → (X1)
n are all homotopy equivalences
(since every map BPn : BZ
3
bicat
([n], (M,⊗, c)) → B(M,⊗)n is a homotopy equiv-
alence, as we observed in the proof of Theorem 6.9 above, and the triangles (65)
commute); 3) X1 ∼= B(M,⊗) (by the isomorphism (64)); and 4) π0(X1) = 0, the
trivial group (since, by Fact 6.4, the classifying space of the underlying monoidal
category, B(M,⊗), is homotopy equivalent to the geometric realization of the sim-
plicial set with only one vertex Z2(M,⊗)).
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Thus, we see that the simplicial space X : [n] 7→ BZ3
bicat
([n], (M,⊗, c)) satisfies
the hypothesis of Segal’s Proposition 1.5 in [33] (see also the previous Note to the
proposition). Therefore, the canonical map X1 → Ω|X | is a homotopy equivalence,
whence the homotopy equivalence B(M,⊗) ≃ ΩB(M,⊗, c) follows. 
Going finally towards our last main result in the paper, let us recall from Defini-
tion 6.7 that the geometric nerve of a braided monoidal category Z3(M,⊗, c) is the
simplicial set of objects of the simplicial bicategory Z3
bicat
(M,⊗, c), so that we have
an evident simplicial homomorphism of inclusion Z3(M,⊗, c) →֒ Z3
bicat
(M,⊗, c),
where Z3(M,⊗, c) is regarded as a simplicial discrete bicategory.
Theorem 6.11. For any braided monoidal category (M,⊗, c), there is a homotopy
equivalence
B(M,⊗, c) ≃ |Z3(M,⊗, c)|.
Proof. By taking into account Theorem 6.9, it is sufficient to prove that the inclu-
sion simplicial homomorphism Z3(M,⊗, c) →֒ Z3
bicat
(M,⊗, c) induces a homotopy
equivalence on classifying spaces. To do so, let
∆
u
Z3
bicat
(M,⊗, c) : ∆
op
×∆
op
→ Set
([p], [q]) 7→ ∆
u
pZ
3
bicat
([q], (M,⊗, c))
be the bisimplicial set obtained from the simplicial bicategory
Z3
bicat
(M,⊗, c) : ∆
op
→ Hom ⊂ Bicat
by composing with the unitary geometric nerve functor (40).
Since a (p, q)-simplex of ∆
u
Z3
bicat
(M,⊗, c) is then a normal lax functor
ξ : [p]→ Z3
bicat
([q], (M,⊗, c)),
that consists of 3-cocycles ξu : [q]→ (M,⊗, c), 0 ≤ u ≤ p, 1-cells
ξu,v : ξv → ξu,
0 ≤ u ≤ v ≤ p and 2-cells
ξu,v,w : ξu,v ⊗ ξv,w ⇒ ξu,w,
0 ≤ u ≤ v ≤ w ≤ p, in the bicategory Z3
bicat
([q], (M,⊗, c)), satisfying the various
conditions, we see that ξ can be described as a list of data
(66) ξ =
(
ξui,j,k, ξ
u
i,j,k,l, ξ
u,v
i,j , ξ
u,v
i,j,k, ξ
u,v,w
i,j
)
0≤u≤v≤w≤p
0≤i≤j≤k≤l≤q
where
ξui,j,k,l : ξ
u
j,k,l ⊗ ξ
u
i,j,l → ξ
u
i,j,k ⊗ ξ
u
i,k,l
are the morphisms in M that describe the 3-cocycles ξu,
ξu,vi,j,k : (ξ
u,v
i,j ⊗ ξ
u,v
i,k )⊗ ξ
v
i,j,k → ξ
u
i,j,k ⊗ ξ
u,v
i,k
are the morphisms in M describing the 1-cells ξu,v, and
ξu,v,wi,j : ξ
u,v
i,j ⊗ ξ
v,w
i,j → ξ
u,w
i,j
are those morphisms in M that describe the 2-cells ξu,v,w.
Below, we shall interpret the p-(resp. q-)direction as the horizontal (resp. verti-
cal) one, so that the horizontal face and degeneracy operators in ∆
u
Z3
bicat
(M,⊗, c)
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are those of the simplicial sets ∆
u
Z3
bicat
([q], (M,⊗, c)), that is, dhmξ = (ξ
dmu
i,j,k , . . . ),
etc., whereas the vertical ones are induced by those of Z3
bicat
(M,⊗, c), that is,
dvmξ = (ξ
u
dmi,dmj,dmk, . . . ), etc.
Since Z3(M,⊗, c) is a simplicial discrete bicategory (i.e., all 1-cells and 2-cells
are identities), ∆
u
Z3(M,⊗, c) is a bisimplicial set that is constant in the horizontal
direction. The induced bisimplicial inclusion ∆
u
Z3(M,⊗, c) →֒ ∆
u
Z3
bicat
(M,⊗, c) is
then, at each horizontal level p ≥ 0, the composite simplicial map
(67)
Z3(M,⊗, c)=∆
u
0Z
3
bicat
(M,⊗, c)
sh0
→֒ ∆
u
1Z
3
bicat
(M,⊗, c) · · ·
shp−1
→֒ ∆
u
pZ
3
bicat
(M,⊗, c).
Taking into account now (42) and that the classifying space of any diagram of
bicategories F is homotopy equivalent to |hocolimI∆F|, to prove that
|Z3(M,⊗, c)| →֒ BZ3
bicat
(M,⊗, c)
is a homotopy equivalence, we shall prove that the induced simplicial map on di-
agonals Z3(M,⊗, c) → diag∆
u
Z3
bicat
(M,⊗, c) is a weak equivalence. To do so, as
every pointwise weak homotopy equivalence bisimplicial map is a diagonal weak
homotopy equivalence [16, IV, Proposition 1.7], it suffices to prove that every one
of these simplicial maps (67) is a weak homotopy equivalence. In fact, we will prove
more: Every simplicial map
shp−1 : ∆
u
p−1Z
3
bicat
(M,⊗, c) →֒ ∆
u
pZ
3
bicat
(M,⊗, c)
embeds the simplicial set ∆
u
p−1Z
3
bicat
(M,⊗, c) into ∆
u
pZ
3
bicat
(M,⊗, c) as a simplicial
deformation retract.
To do so, since dhps
h
p−1 = 1, it is enough to exhibit a simplicial homotopy
H : 1⇒ shp−1d
h
p : ∆
u
pZ
3
bicat
(M,⊗, c)→ ∆
u
pZ
3
bicat
(M,⊗, c),
which, for each p ≥ 1, is given by the maps hm, 0 ≤ m ≤ q, as in the diagram
· · · ∆
u
pZ
3
bicat
([q + 1], (M,⊗, c))
dv0 //
dvq+1
//
shp−1d
h
p

1

... ∆
u
pZ
3
bicat
([q], (M,⊗, c))
shp−1d
h
p

1

hq
...
vvmmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
m
h0
vvmmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
mmm
m
· · ·
· · · ∆
u
pZ
3
bicat
([q + 1], (M,⊗, c))
dv0 //
dvq+1
//
... ∆
u
pZ
3
bicat
([q], (M,⊗, c)) · · ·
which take a (p, q)-simplex (66) of ∆
u
Z3
bicat
(M,⊗, c) to the (p, q + 1)-simplex
hmξ =
(
(hmξ)
u
i,j,k, (hmξ)
u
i,j,k,l, (hmξ)
u,v
i,j , (hmξ)
u,v
i,j,k, (hmξ)
u,v,w
i,j
)
0≤u≤v≤w≤p
0≤i≤j≤k≤l≤q+1
defined as follows:
• The objects (hmξ)
u
i,j,k are given by the formula
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(hmξ)
u
i,j,k =

ξusmi,smj,smk if u < p or m < j,
ξp−1i,j,k if u = p and k ≤ m,
ξp−1,pi,j ⊗ ξ
p
i,j,k−1 if u = p and j ≤ m < k .
• The morphisms
(hmξ)
u
i,j,k,l : (hmξ)
u
j,k,l ⊗ (hmξ)
u
i,j,l → (hmξ)
u
i,j,k ⊗ (hmξ)
u
i,k,l
are
(hmξ)
u
i,j,k,l =
{
ξusmi,smj,smk,sml if u < p or m < j,
ξp−1i,j,k,l if u = p and l ≤ m,
while, for u = p and j ≤ m < k, the corresponding (hmξ)
p
i,j,k,l is defined as the
composite dotted morphism
ξpj,k−1,l−1 ⊗ (ξ
p−1,p
i,j ⊗ ξ
p
i,j,l−1)
∼=

(hmξ)
p
i,j,k,l // (ξp−1,pi,j ⊗ ξ
p
i,j,k−1)⊗ ξ
p
i,k−1,l−1
(ξpj,k−1,l−1 ⊗ ξ
p−1,p
i,j )⊗ ξ
p
i,j,l−1
c⊗ 1

ξp−1,pi,j ⊗ (ξ
p
i,j,k−1 ⊗ ξ
p
i,k−1,l−1)
∼=
OO
(ξp−1,pi,j ⊗ ξ
p
j,k−1,l−1)⊗ ξ
p
i,j,l−1
∼= // ξp−1,pi,j ⊗ (ξ
p
j,k−1,l−1 ⊗ ξ
p
i,j,l−1)
1⊗ ξpi,j,k−1,l−1
OO
and for k ≤ m < l as the composite dotted morphism
(ξp−1,pj,k ⊗ ξ
p
j,k,l−1)⊗ (ξ
p−1,p
i,j ⊗ ξ
p
i,j,l−1)
∼=

(hmξ)
p
i,j,k,l // ξp−1i,j,k ⊗ (ξ
p−1,p
i,k ⊗ ξ
p
i,k,l−1)
((ξp−1,pj,k ⊗ ξ
p
j,k,l−1)⊗ ξ
p−1,p
i,j )⊗ ξ
p
i,j,l−1
c⊗ 1

(ξp−1i,j,k ⊗ ξ
p−1,p
i,k )⊗ ξ
p
i,k,l−1
∼=
OO
(ξp−1,pi,j ⊗ (ξ
p−1,p
j,k ⊗ ξ
p
j,k,l−1))⊗ ξ
p
i,j,l−1
∼=

((ξp−1,pi,j ⊗ ξ
p−1,p
j,k )⊗ ξ
p
i,j,k)⊗ ξ
p
i,k,l−1
ξp−1,pi,j,k ⊗ 1
OO
(ξp−1,pi,j ⊗ ξ
p−1,p
j,k )⊗ (ξ
p
j,k,l−1 ⊗ ξ
p
i,j,l−1)
1⊗ ξpi,j,k,l−1// (ξp−1,pi,j ⊗ ξ
p−1,p
j,k )⊗ (ξ
p
i,j,k ⊗ ξ
p
i,k,l−1).
∼=
OO
• The objects (hmξ)
u,v
i,j are defined by
(hmξ)
u,v
i,j =
{
ξu,vsmi,smj if v < p or m < j,
ξu,p−1i,j if v = p and j ≤ m.
• The morphisms
(hmξ)
u,v
i,j,k : ((hmξ)
u,v
i,j ⊗ (hmξ)
u,v
j,k )⊗ (hmξ)
v
i,j,k → (hmξ)
u
i,j,k ⊗ (hmξ)
u,v
i,k
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are
(hmξ)
u,v
i,j,k =
{
ξu,vsmi,smj,smk if v < p or m < j,
ξu,p−1i,j,k if v = p and k ≤ m,
and if v = p and j ≤ m < k, then the morphism (hmξ)
u,p
i,j,k is the composite
(ξu,p−1i,j ⊗ ξ
u,p
j,k−1)⊗ (ξ
p−1,p
i,j ⊗ ξ
p
i,j,k−1)
∼=

(hmξ)
u,p
i,j,k // ξui,j,k−1 ⊗ ξ
u,p
i,k−1
(ξu,p−1i,j ⊗ (ξ
u,p
j,k−1 ⊗ ξ
p−1,p
i,j ))⊗ ξ
p
i,j,k−1
(1⊗ c)⊗ 1

(ξu,pi,j ⊗ ξ
u,p
j,k−1)⊗ ξ
p
i,j,k−1
ξu,pi,j,k−1
OO
(ξu,p−1i,j ⊗ (ξ
p−1,p
i,j ⊗ ξ
u,p
j,k−1))⊗ ξ
p
i,j,k−1
∼= // ((ξu,p−1i,j ⊗ ξ
p−1,p
i,j )⊗ ξ
u,p
j,k−1)⊗ ξ
p
i,j,k−1.
(ξu,p−1,pi,j ⊗ 1)⊗ 1
OO
• The morphisms
(hmξ)
u,v,w
i,j : (hmξ)
u,v
i,j ⊗ (hmξ)
v,w
i,j → (hmξ)
u,w
i,j
are given by
(hmξ)
u,v,w
i,j =
{
ξu,v,wsmi,smj if w < p or m < j,
ξu,v,p−1i,j if w = p and j ≤ m.
So defined, a straightforward (though quite tedious) verification shows that
H : 1⇒ shp−1d
h
p is actually a simplicial homotopy, and this completes the proof. 
7. Appendix: Coherence conditions
(CC1): for m
d
→ ℓ
c
→ k
b
→ j
a
→ i, any four composible arrows of I, the following
equation on modifications holds
d∗c∗b∗a∗ d∗c∗χ
'/WWW
WW
WWWWW
χb∗a∗
ow ggggggggg
g
d∗χa∗

d∗c∗b∗a∗ d∗c∗χ
&.VVV VVV
χb∗a∗
px hhhhhh
(cd)∗b∗a∗
χa∗

d∗c∗(ab)∗
d∗χ

(cd)∗b∗a∗
χa∗

(cd)∗χ
%-TT
T TTT
(7)
∼=
d∗c∗(ab)∗
d∗χ

χ(ab)∗
qy jjjjjj
ωa∗
⇛
d∗ω
⇛
(cd)∗(ab)∗
χ

d∗(bc)∗a∗χa∗
ow ggggggggg
g d
∗χ
'/WWW
WW
WWWWW
= ω⇛
ω
⇛
(bcd)∗a∗
χ '/
WWWWW
W
WWWWW
W
ω
⇛ d
∗(abc)∗
χow fff
ffffffff
f (bcd)
∗a∗
χ '/
VVVV VVVV
d∗(abc)∗
χow hh
hhhhhh
(abcd)∗ (abcd)∗
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(CC2): for any two composible arrows k
b
→ j
a
→ i of I,
b∗a∗
1b∗a
∗
⇛
δa∗w xx
xx
xx
xx
xx
xx
x
x
b∗1a∗
⇛
b∗γ 'G
GG
GG
GG
GG
GG
GG
G
G
b∗ιa∗

b∗a∗
1b∗a
∗
~ 









∼=
b∗1a∗
 
99
99
99
99
99
99
99
99
99
99
b∗a∗
χ
'
FF
FF
FF
FF
FF
FF
F
b∗1∗ja
∗
χa∗
ks
b∗χ
+3 b∗a∗
χ
w ww
ww
ww
ww
ww
ww
w
w
w
w
= b∗a∗
χ
 
99
99
99
99
9
99
99
99
99
9
1b∗a∗ +3 b∗a∗
χ
~ 









ω
⇛
∼=
(ab)∗ (ab)∗
(CC3): for any three composible arrows ℓ
c
→ k
b
→ j
a
→ iof I,
Fℓc
∗b∗a∗
Fℓχa
∗

Fℓc
∗χ
&
DD
DD
DD
DD
DD
DD
D
θb∗a∗
x  zz
zz
zz
zz
zz
zz
z
Fℓc
∗b∗a∗
Fℓc
∗χ
$
AA
AA
AA
AA
AA
AA
θb∗a∗
y zz
zz
zz
zz
zz
zz
z
(7)
∼=
c∗Fkb
∗a∗
c∗θa∗

Fℓ(bc)
∗a∗
θa∗

Fℓχ
 (I
II
II
II
II
II
II
II
II
I
Fℓω
⇛
Fℓc
∗(ab)∗
Fℓχ

c∗Fkb
∗a∗
c∗Fkχ+3
c∗θa∗

c∗Fk(ab)
∗
c∗θ

Fℓc
∗(ab)∗
Fℓχ

θ(ab)∗ks
Πa∗
⇛
c∗Π
⇛
Π
⇛
c∗b∗Fja
∗
χ′Fja
∗
+3
c∗b∗θ

(bc)∗Fja
∗
(bc)∗θ

Fℓ(abc)
∗
θ

= c∗b∗Fja
∗
c∗b∗θ

c∗(ab)∗Fi
χ′Fi
"
==
==
==
==
==
==
=
=
=
Fℓ(abc)
∗
θ

(7)
∼=
Π
⇛
ω′Fi
JT
c∗b∗a∗Fi
χ′a∗Fi
+3 (bc)∗a∗Fi
χ′Fi
+3 (abc)∗Fi c∗b∗a∗Fi
χ′a∗Fi
+3
c∗χ′Fi}}}}}}
:B}}}}}}
(bc)∗a∗Fi
χ′Fi
+3 (abc)∗Fi
(CC4): for a : j → i any arrow in I,
Fj1∗ja
∗ θa∗ +3
Fjχ

44
44
44
44
44
44
44
44
44
4
44
44
44
44
44
44
44
44
44
4
1∗jFja
∗
1∗jθ +3 1∗ja
∗Fi
χ′Fi

Fj1∗ja
∗ θa∗ +3 1∗jFja
∗
1∗jθ +3 1∗ja
∗Fi
χ′Fi

Π 
 

Γa∗ (7)∼=


= a∗Fi
ι′a∗Fiwwwww
7?wwww w
1a∗Fi
HH
HH
H
HH
HH
H
'H
HH
H
HH
HH
γ′Fi

Fjγ (7)∼=
Fja
∗
Fjιa
∗
KS
Fj1a∗
+3 Fja∗
θ
+3 a∗Fi Fja
∗
Fjιa
∗
KS
Fj1a∗
+3
ι′Fja
∗










@H




























θ
7?wwwwwwwwwww
w
w
w
w
Fja
∗
θ
+3 a∗Fi
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Fja
∗1∗i
θ1∗i +3
Fjχ
 
99
99
99
99
99
99
99
99
99
9
99
99
99
99
99
99
99
99
99
9
a∗Fi1
∗
i
a∗θ+3 a∗1∗iFi
χ′Fi

Fja
∗1∗i
θ1∗i +3
∼=
(7)
a∗Fi1
∗
i
a∗θ +3
a∗Γ

a∗1∗iFi
χ′Fi

Π




= a∗Fi
a∗Fiι
KS
a∗ι′Fi
4<pppppppppppp
pppppppppppp
1a∗Fi
MM
MM
M
MM
MM
M
"*M
MMM
M
MMM
MM
δ′−1Fi


Fjδ
−1 (7)
∼=
Fja
∗
Fja
∗ι
KS
Fj1a∗
+3 Fja∗
θ
+3 a∗Fi Fja
∗
Fja
∗ι
KS
Fj1a∗
+3
θ
:B}}}}}}}}}
Fja
∗
θ
+3 a∗Fi
(CC5): for any two composible arrows of I, k
b
→ j
a
→ i,
Fkb
∗a∗ mb∗a∗
&.VV
VVVV VVVV
VVθa∗
ow ggggg
gggggggg
ggg Fkb
∗a∗ mb∗a∗
&.VV
VVVV VVVV
VVθa∗
px iiiii
iiiiii
i
Fkχ

b∗Fja
∗
b∗θ

b∗ma∗ &.
VVVVV
VVV
VVVVV
VVV
Ma∗
⇛
F ′kb
∗a∗
θ′a∗
px iiii
iiiiii
ii
F ′kχ

b∗Fja
∗
b∗θ

F ′kb
∗a∗
F ′kχ

b∗F ′ja
∗
b∗θ′

b∗M
⇛
b∗a∗Fi
χ′Fi

b∗a∗m
&.VV
VVVV
VV
VVVV
VVVV
Π′
⇛
= b∗a∗Fi
χ′Fi

Π
⇛
(7)
∼=
b∗a∗F ′i
χ′F ′i

(7)
∼=
Fk(ab)
∗
m(ab)∗
%-TT
TTTT TTTT
TTθ
qy kkkk
kkkkk
k
(ab)∗Fi
(ab)∗m
'/VVV
VVVV
VVVV
VVV
F ′k(ab)
∗
θ′
px iiiii
iiiiii
i (ab)
∗Fi
(ab)∗m
&.UU
UUU UUUU
U
M
⇛
F ′k(ab)
∗
θ′
px hhhhh
hhhhh
hh
(ab)∗F ′i (ab)
∗F ′i
(CC6): for any object i of I,
Fi
Fiι
 







m +3 F ′i
F ′i ι
 







ι′F ′i

Fi
m +3
ι′Fi

Fiι
z ||
||
||
||
|
F ′i
ι′F ′i

(7)
∼=
Fi1
∗
i
m1∗i +3
θ

77
77
77
77
77
77
77
77
F ′i1
∗
i
θ′

77
77
77
77
77
77
77
77
Γ′
⇛
= Fi1
∗
i
θ
$
AA
AA
AA
AA
AA
Γ
⇛
(7)
∼=
M
⇛
1∗iFi
1∗im
+3 1∗iF
′
i 1
∗
iFi
1∗im
+3 1∗iF
′
i
(CC7): for any arrow a : j → i of the category I, the square below commutes.
a∗mi ◦ θa
M _ *4
a∗σi ◦ 1 

θ′a ◦mja
∗
1 ◦ σja
∗


a∗m′i ◦ θa
M′_ *4 θ′a ◦m
′
ja
∗
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